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Abstract The paper develops general tools to analyze the prices in dynamic equilibria
with heterogeneous prior beliefs and learning in an environment with risk-neutral agents,
short—selling constraints and the dividend process following a hidden Markov process. Par-
ticularly it analyzes conditions for speculative bubbles to arise in such an environment. I
introduce the concept of recursive equilibrium, which uses current beliefs as state variables.
I give the precise definition of the speculative bubble as a difference between the price and
the market fundamental, with market fundamental being the maximum across the agents of
buy-and-hold forever individual valuation of the asset. Then I show that any sequential mar-
ket equilibrium price must be at least of the magnitude of that of the recursive equilibrium.
Since in this environment the fundamental value of the asset is not affected by the particu-
lar equilibrium outcome, then this implies that the magnitude of the speculative bubble in
equilibrium is also bounded below by that of the recursive equilibrium. The main result is
to prove that a recursive equilibrium generates a sequential market equilibrium (Theorem
1) and to propose a simple operator, which characterizes the recursive equilibrium price as
its fixed point. This operator is shown to be a monotone contraction, which gives not only
uniqueness but also provides a simple criterion for the existence of a speculative bubble in

equilibrium. The paper is closed by two illustrative examples.
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1 Introduction

This paper provides a theoretical insight into the possibility of speculation in asset mar-
kets, driven purely by heterogeneous prior beliefs about the relevant dividend process.

The question of speculative trade is inevitably linked to so called market bubbles. His-
torically people give that name to a particular behavior of the price of a commodity or an
asset, which was characterized by a significant growth of the price without any apparent
fundamental reason, often followed by a collapse. Formally, a bubble is typically understood
in the economic literature as the departure of an asset price from its fundamental value.
What is problematic with this definition, however, is that there is no broadly accepted def-
inition of the fundamental value. In this work I provide one definition without claiming
any superiority over the others. In my opinion it naturally matches the environment of this
particular model but would not work in many other environments.

The most famous and the most cited historical example was the Dutch tulip mania in
1636-37. Since then there have been many other notable examples of bubbles, with the most
recent ones including the Japanese asset pricing bubble and the dot-com bubble.

All of these bubbles were called speculative bubbles, following the folk belief that they
were generated by some traders buying an asset or commodity in order to profitably resell
it in the future, without actually believing it has any significant intrinsic value.

In the context of rational expectation models, having rational traders behaving in this
way would require either some sort of market imperfection (some agents who will be buying
the asset in the future are unable to participate in the market now) or agreement to disagree
type of behavior (some agents expect other agents to become over-optimistic in the future).
In this paper I will focus on the disagreement based speculative trade.

I will be analyzing both speculative trade and the bubbles in a context of a model with
risk neutral agents having heterogeneous beliefs, and facing short selling constraints. Both
speculation and the bubble, or the fundamental value, will be given a precise meaning and

it will be clear that both phenomena are very closely related.



By speculative trade I will understand a dynamic general equilibrium outcome, in which
there is a contingency where an agent who currently holds the asset is paying a price that is
higher then his subjective net present value of holding it forever. This means this particular
trader buys the asset with the intention to re-sell it at some future date.

The bubble will be defined as an equilibrium outcome, in which the current price of an
asset is higher than the fundamental value, which is defined as the maximum of any agent’s
subjective present value of holding it forever.

Here, T will be solely focused on the risk neutral environment, in which agents need
not trade for any insurance purposes. With risk neutrality, when agents have homogeneous
beliefs, even with short selling constraints, there cannot be any essential trade (agents are
indifferent in terms of trading or not). This is the case even with heterogeneous signaling,
as is implied by the "no-trade theorem,” cf. Milgrom and Stokey (1982). Once we introduce
heterogeneous beliefs the situation is not so clear. One could expect the heterogeneous priors
would just make the most optimistic agent hold the asset forever. Obviously what might
happen is that there is not a permanent optimist, but even if there is one, there is still some
disagreement about the exact probabilities of various future events, not just fundamentals.
Agents might be trying to exploit that disagreement to bet against each other, with the only
tool to do that being to trade the asset. It seems very natural and following the popular
understanding of the word speculation to call such a trade speculative. And my definition
indeed exactly captures this type of trade in the risk neutral environment. I will discuss the
issues associated with heterogeneous priors in more detail in the next subsection.

Note that in environments with risk aversion, one could easily construct examples in which
the price is higher than the fundamental even with homogeneous beliefs. This is because
the short-selling constraint makes the full insurance or smoothing impossible. Even though
the price might be considered by agents higher than their marginal valuation, they cannot
permanently reduce their asset holdings because of the binding short-selling constraints in

the future. They also do not want to reduce the asset holding only in the current period



because that would reduce the consumption smoothing. According to my definition however,
this would also be a speculative trade, although clearly the mechanisms pushing agents to
trade in this way would be different than in the case of heterogeneous belief-driven trade.

I will now go over the contents of this paper. The model developed here is based on
the paper by Harrison and Kreps (1978). In their model the equilibrium price is above any
agent’s buy-and-hold forever valuation of the asset, hence there is a bubble according to the
definition below (Harrison and Kreps call it a speculative premium rather than a bubble).
This bubble is generated by a speculative trade driven by differences in subjective beliefs
accompanied by a short sale constraint.

They consider an example with two groups of risk neutral agents. The agents trade one
risky asset of supply 1. There is a short sale constraint. Dividends follow a 2-state Markov
chain and can take value 0 or 1 in each period. The agents differ in their beliefs about the
transition matrix. Agents of type one assign relatively high probabilities of switching between
the states (dividends) while agents of type two perceive the states as more persistent. Both
types are certain that their transition matrix is correct. The numerical values are chosen
so that in each state the present expected value of the stream of all future dividends (the
fundamental value) is higher according to the agents of group two.

This would suggest that it should be the agents of type two who permanently hold
the asset in equilibrium and also, given risk neutrality, the price should be exactly their
fundamental value. Surprisingly, only if the dividend is 1 agents of group two hold the asset.
If the dividend is 0 agents of type one buy it. Why is it so? The mechanism is quite simple.
Type one agents buy the asset in state 0 (when the dividend is 0), because they think there
is a good chance of switching to the other state next period. Further, they (rationally)
expect that the price will be high if the dividend is 1, since type two agents assign a high
fundamental value to the asset in that state. Moreover we get that the equilibrium price is
higher than any agent’s fundamentals in each state. Throughout Sections 3 and 4 I will go

over the Harrison and Kreps model in more detail, using it as an illustrative example for my



model.

The result of Harrison and Kreps is simple and quite beautiful but unrealistic in some
respects. The asymmetry of agents’ subjective beliefs persists in spite of commonly observed
histories. It is this feature which makes the speculation so highly persistent (indeed it lasts
forever).

The problem in this example is that it is unclear how robust it would be to adding
learning. One could expect that if agents were not dogmatic any initial disagreement would
eventually disappear. This might be expect to remove speculation in two ways. One would
be just asymptotic removal, coming from the convergence of posteriors. The other would be
if the knowledge that other agents will be learning would not significantly reduce the size of
speculation even in the beginning as agents would not be able to count for a profitable resale
due to the anticipated learning process of the others. The difficulty with verifying these
statements is that adding learning to the environment with heterogeneous beliefs makes
solving for equilibrium much more difficult. Even though some work has been done in
asset pricing with learning in the context of verifying the market selection hypothesis (cf.
Blume and Easley (2006) Sandroni (2000), or more recently, Beker and Espino (2009)) that
methodology only applies to frictionless environments.

This paper attempts to build a methodology to analyze the asset pricing with hetero-
geneous beliefs and the dynamic effects of learning in environment with market friction,
namely short selling constraint. In this case the focus is on speculative bubbles and their
dynamical features, but this methodology can be also used more broadly. It uses recursive
techniques, so for that purpose the environment needs to be time homogeneous, which might
be considered a significant constraint. To offset for that I propose an environment which is a
little bit more general than standard Markov, which is sometimes called hidden Markov. It
means agents believe there is some underlying regime process, which is Markov and cannot
be directly observed. The current state of that process determines the current law of the

dividend process. This way it is possible to capture various aspects of the way people tend



to interpret the same signals. One can for instance consider an example where two regimes
are most of the time generating very similar laws for dividends, and only differ on some rare,
tail events. Conditional on observing these rare events, agents, who concentrate their priors
on these different regimes, might react in terms of short run predictions in a very different
ways even though for a long time they had been perceived to make similar forecasts. This
might ultimately give rise to some pattern of speculative bubbles which arise as a result of
rare events.

Using hidden Markov structure allows at the same time a relatively simple way of keeping
track of beliefs updating. All the information about the agents’ predictions for the future
is completely described by their beliefs about the current position of the hidden state. This
allows for the application of recursive equilibrium approach, in which agents’ trading strate-
gies (and prices) depend only on the current belief profile rather than the whole history. T
formally introduce the notion of belief-based recursive equilibrium. To my knowledge this
idea is pretty original.

This allows me to map the consumers’ problems of such economies into the stochastic
dynamic programming techniques a’la Stokey et al. (2004). The main result showing that
mapping is Theorem 1. This provides a powerful tool for numerical computation of such
equilibria and offers a useful analytical tool for checking up if a given environment features
speculation.

An important supporting result is the one provided by Proposition 4, which states that
recursive equilibrium is not just any sequential equilibrium, but it actually is a one with
the lowest possible prices. This result is important in the context of analyzing speculation,
namely if we have speculation in recursive equilibrium, then it must be the case in any other
equilibrium.

In the end I propose two illustrative examples. In one example I prove that if there are
only two hidden states then there is no speculation in any recursive equilibrium, no matter

what initial beliefs are. In another setup with three hidden states I show that, for some



particular initial belief, the equilibrium price has to feature a bubble.

An interesting feature of this example is that it is significantly different from the one
of Harrison and Kreps. Here agents have exactly the same transition matrix. They only
differ in their beliefs about the current position of the regime. The fact that this leads
to speculation is pretty significant, because learning about the current regime is much more
difficult than learning about the transition matrix. The thing is that the regime changes over
time, while the transition matrix stays the same. This will lead to the proposed persistence
of the speculative behavior.

Now, I will briefly discuss various issues associated with using heterogeneous prior beliefs.
First, it is worth pointing out why it is crucial that the difference in beliefs must be coming
from heterogeneous priors and not from heterogeneous signals.

In this class of models, as in Rational Expectation Equilibrium (REE) models, it follows
from the famous agreeing to disagree (cf. Auman (1976) ) and no-trade (cf. Milgrom
Stokey (1982) ) theorems that the price has to reflect any important private information,
in particular ruling out agents’ betting against their posterior beliefs, which in particular
implies there cannot be any speculation. In other words and agent cannot take advantage of
his private information because the rest of the market would learn that information instantly
from the price.

The existence of speculative trade in the context of REE models is related to the value
of information. There is a line of research that focuses on the value of information. The
most influential attempt to give information a value was done by making a market game a
positive sum game. Clearly if the game is of a positive sum, then the no trade theorem is not a
problem anymore because the market participants do not need to use the private information
against each other. They can coordinate in some fashion to exploit that information and
share the surplus. Important papers in this spirit include Grossman and Stiglitz (1980),
Hellwig (1980) and Kyle(1985). These papers consider a market game, in which there are

noise traders, who trade for the reason external to the model. In other words, their utility



function is not explicitly analyzed and they provide a stochastic supply, which is independent
of the price. This gives that game a positive sum. If some of the agents have some information
about the behavior of the noise traders they can use that information against them without
making other strategic agents worse off.

Unsurprisingly, Grossman and Stiglitz (1982) and Hellwig (1982) obtain the result that
as the noise goes to zero, the value of information goes to zero and the price becomes fully
revealing. This just confirms that in the context of the models where heterogeneity is coming
from differentiated signals, in order to get speculation one needs to significantly depart from
the rationality of some agents.

Using unexplained heterogeneous priors allows avoiding the problems related to the no-
trade theorem (agents trading with each other because they know that their beliefs differ, not
their signals). Nevertheless, there are some objections in economic literature concerning using
heterogeneous priors. Besides the obvious one, that if one is willing to assume heterogeneous
priors one can explain pretty much everything, there is a more troubling point, called the
market selection hypothesis. It is associated with the lack of learning in Harrison and Kreps
mentioned above. The market selection hypothesis is a long standing tenet in economic
theory, which states that even if agents start with heterogeneous priors, after a sufficiently
long period of trading, the agents who started with beliefs that are the farthest from the
truth should either learn or be removed from the market. In other words, in well-established
markets the traders should have essentially the same beliefs. As compelling as it may sound,
the market selection hypothesis was never convincingly proved or disproved in the economics
literature, with many papers showing examples going either way (see Sandroni (2000) or
Blume and Easley (2006) for a detailed market selection hypothesis literature overview).

Another aspect of using heterogeneous priors is necessity of dealing with the true data
generating process on top of what agents believe it to be. This issue is related to the market
selection hypothesis but going a little bit beyond, more into the nature of what economic

modeling really is. If one takes a stand that economic modeling should be about how agents



preferences affect their behavior in various circumstances, the idea of the true distribution
seems to be somewhat irrelevant. We do observe only a single trajectory anyway. On the
other hand if one believes in the stochastic nature of the physical world, than he should also
be willing to accept that the stochastic nature of the reality should be added to the way
agents adjust their beliefs. This objection is not exactly relevant to the model presented
in this paper, which focuses on mechanics how current beliefs translate into prices, but any
application of this model will require to specify what the true data generating process is in
order to make any statistical predictions.

I will close this introduction with a brief overview of the most relevant literature on
speculation, driven by heterogeneous beliefs.

Following Harrison and Kreps (1978) mentioned before, Morris (1996) considers the ef-
fects of allowing for learning in the original model. He considers a special case of Harrison
and Kreps, with a iid dividend process. Using some parametric classes of invariant distri-
butions for the priors (like -distributions) he gets a nice explicit formula for the learning
dynamics. Also he gets a nice criterion for having speculation in equilibrium. He indeed
gets some speculative behavior but the numerical experiments show that the speed of the
convergence of the equilibrium price to the fundamental value is very fast. Hence this paper
addresses only the second of the two issues associated with adding learning mentioned before,
namely the one about the current level of bubble being robust to adding learning.

An interesting attempt to control the convergence of equilibrium prices to the fundamen-
tals is Bossaerts (1995). Here there is no dividend bearing, infinitely lived asset. There are
only 1-period future contracts with risky return. The payoffs of these contracts are iid over
time. There are countably many generations of agents. The beliefs are shared and updated
within generations. Each period a new generation of agents joins the market and stays there
forever. The new generation comes with its own initial beliefs, which are immediately up-
dated by the up to date stream of returns. He assumes that the returns are normal with

mean zero and the unknown variance, and that the beliefs about the variance are inverted
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gamma-2 distributions. This specification allows for an easy analytical treatment and a
flexible control over the equilibrium price dynamics. It is easy to get that the initial price
exceeds the rational expectation one. The conditions for the convergence of the prices to the
rational expectation values are given. For some choice of beliefs we can get no convergence,
which gives a powerful tool to control the rate of convergence. All of this is done at the
expense of having new coming generations with more and more biased initial beliefs. Also
an important role is played by the fact that the agents’ problem is not dynamic (the future
contract is only for 1 period).

The most recent paper in that spirit is the one of Scheinkman and Xiong (2003). In their
model the (cumulative) dividend follows a diffusion process, with drift f;, which is called a
fundamental variable and is not observed by the agents, they only know it follows another
diffusion process. Even though they use continuous time diffusion process techniques, their
model can be treated almost as a special case of mine (after appropriate discretization of their
setup or redesigning mine to cover the continuous time case). There is one crucial difference
though. Given the normal environment of them, which is easy to deal with analytically, it is
pretty hard to obtain a speculation in the case when the agents only observe the cumulative
dividend as a common signal. To fix that problem Scheinkman and Xiong consider additional
signal processes s7' and s, which are both diffusion processes with f; as their drift part. As
for the innovations part, A believes that the one of s7 is correlated with the one for the process
f¢ while agent B thinks that it is the one of sZ. So agent A even though he can observe both
signals, he thinks his signal has a better quality than the signal of agent B and vice versa.
The model stated in that way can be explicitly solved analytically and features speculation.
The problem is that it requires an additional signalling structure (besides dividends), and
also even though agents are updating their beliefs about the underlying fundamental process,
f+, they are not learning about the informativeness of the signals and always use their own

one for updating.

11



2 The Model

2.1 Economy

There are 2 agents, who are endowed with zero units of consumption good at each time
period, t = 0,1,... they are both risk neutral and have a discount factor (.

There is one unit of risky asset in this economy, which agent can trade each period
in general equilibrium fashion with no short sales allowed. The asset gives to its owner a
dividend d; each period. Each agent starts with some initial holding of the asset, 7§, such
that 7§ +72 = 1.

There is an underlying regime process, a;, taking value in some state space A. We assume
a; is Markov and it cannot be directly observed by the agents.

The dividend, d;, is generated independently each period from a distribution which de-
pends on the current regime, a; € A. The distribution associated with regime a; we denote
D,,.

Now let us turn to describing these processes formally.

First, to fix ideas, I will denote (€2, F) an abstract measurable space over which all the
random variables in this paper will be defined.

Let the set of possible regimes, A, has a structure of the Polish space and the regime
process, (a;)i—o,1,.. be a stationary Markov process with the transition function ¢ : A — A(A)
assumed Borel-measurable, with A(A) denoting the linear space of all Borel probabilistic
measures over A endowed with weak*-topology.

Let D C R denote the set of possible dividends (assume it is Borel-measurable), and let
{®,}sea be a family of probability distributions over D (i.e. ®, € A(D) for each a € A)),
such that ®. : 4 — A(D) is Borel-measurable (with respect to weak*-topology on A(D)).
We will also need to assume (in order to be able to use Bayes’ rule) that ®, has a density
function with respect to some regular measure on R, p (usually either discreet or Lebesgue).

Denote this density by ¢,.
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Having specified ag € A, the family ® € B(A,{¢ € A(D)|¢ << p}), and the transition
function ¢ € B(A, A(A)) (I follow the convention of denoting the linear space of Borel-
measurable functions by B(-,:)) we denote by Pr®9 a probability measure over (,F)
which is consistent with the Markov structure of the process a; and with the described
structure of the process d; (i.e. such that ay = ay with probability 1, a; is Markov with the

transition function ¢ and d; is drawn independently each period from the distribution ®,,).

Formally, for each Ay € B(A),..., A, € B(A), D1 € B(D),...,D, € B(D) we have:

Pre®4(qy € Ag,...,a; € Ay,dy € Dy, ...,d; € D)) =

= / Oy, (D1) ... P, (Dy)daey (dao)q(ao, day) . . . q(ar—1, day)
Aoy A

.....

= / Gar (d1) - - - Pa, (dr)d(agy (dao)q(ao, dar) . . . q(at—1, day)pu(ddy) . . . p(ddy)
Ao, Ay

,,,,,

Now let’s turn to agent’s information structure. They both can observe dividend d; each
period and none of them can observe a;. Denote by (F¢), the filtration generated by the
process d;.

In particular the agents don’t know the initial regime, ag and also they don’t know
the family of distributions ®. or the transition function q. We will assume that ®. and q
can take values in some Borel sets of admissible values, ® C B(A,{( € A(D)|( << u}),
and Q@ C B(A, A(A)), respectively. Hence the agents formulate beliefs about the value of
(ag, ®.,q).

Let Pr™ be a measure that a player with beliefs 7 € A(A x ® x Q) assigns to (2, F).

This is clearly given by:

Pr(F) = / Prao®4( P\ (dag, db, dg) (1)
Ax®xQ
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for any F' € F. Let E™ be the expected value operator associated with that measure. Denote
the initial beliefs of player i by 7§ € A(A x ® x Q).

The timing is as follows. In the beginning of period ¢ the new position in the Markov
process a; is established, then dividend d; is generated and paid to the current owner of the
asset. After the dividend is paid the agents can trade on the centralized market for price py,
subject to the short sale constraint.

Now we are ready to define (competitive) equilibrium.

Definition. An equilibrium (given initial beliefs, 7}, 72) consists of the processes: an allo-

cation, (¢!); , asset holdings, (4!);, and prices (p;); such that prices are Fi-adapted, and:

e For i = 1,2, taking (p;); as given, (&), and (4}); solve:

max E™ Z Bt (2)
s.t. Cé + Pt%fﬂ < pt%f + ’VZdt

s.t. ¢yt — Fi-measurable

s.t. 73 - 7}/677: >0

e Asset market clears: v} ++72 =1

It is worth noting at this point, that it is an implicit feature of this general equilibrium
environment, that agents are facing prices as functions of all potential histories not beliefs.
Even though the equilibrium prices, in order to clear the market, have to convey the infor-
mation about all the agents beliefs, agents do not need to know the beliefs of the others.
That information, however, can be often inferred from the prices. In either case in this Wal-
rasian type of equilibrium, where agents take prices as given the structure of higher order
beliefs seems to be irrelevant. In order to consider this equilibrium as a rational expectations
equilibrium, the whole hierarchy of beliefs needs to be specified. Specifically, we can assume

the common knowledge of beliefs.
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Another technical issue associated with the definition above is that there might be a set
of future contingencies, which is believed by an agent to be of zero probability, on which
his behavior is inconsistent with Bayesian learning. In this paper I will be always assuming
to use the version of conditional probability which is consistent with Bayes’ rule, so any

resulting equilibria will not have this problem.

2.2 Speculative trade

In this setup, it is the most natural way to define speculative trade as the situation in
which the equilibrium price exceeds the fundamental valuation of the asset for the agent is
an actual holder. By fundamental valuation of agent ¢ we understand the discounted stream
of all the future dividends expected by agent ¢. This is the highest price he would be willing
to pay for the asset if he was forced to keep it forever after the purchase.

It is a natual definition because agents are risk neutral and are sharing the discount
factor, hence agents do not need the asset to smooth consumption or for insurance. If they
decide to purchase the asset for the price which is higher than their subjective fundamental
value it is because they use it as a betting device against the market which they perceive as
not pricing the asset properly in the future. They understand the market does not price the
asset properly because there are some other traders with fundamentally wrong beliefs.

This definition however is not the most practical one because to check if there is a
speculative trade one would need to analyze the behavior of all the traders. A simpler

statistic which can measure the strength of speculative trade is a speculative bubble.

Definition. The fundamental value of the asset for agent i at time ¢, given history d* =
(dl, Ce ,dt) 1s:
Vi) = E7( ) Bd|d)

T=t+1

Definition. Speculative bubble is a current excess of the equilibrium prices over the market
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fundamental value,

s(d') = p(d') — max V;{(d")

Note that whenever s > 0 we do have a speculative trade, but not necessarily the other
way round. Also note that the magnitude of the bubble is measuring how much the agents
value the opportunity to bet against each other provided by the asset, and not necessary
the volume of the speculative trade. For the remaining of this work I will be focusing on
the speculative trade which is associated with a positive bubble, and i will often abuse the

terminology by using speculative trade and a bubble interchangeably.

Example. Now let us see how the example of Harrison and Kreps fits into this notation.
In their model the dividend itself follows a 2-state Markov chain (can be either 0 or 1).

Agents differ in what they think the transition matrix is. Agent 1 thinks the transition

matrix 1s: _ _
Ql _ 1/2 1/2
2/3 1/3

agent 2 thinks it is: _ _
Q2 _ 2/3 1/3
1/4 3/4

To map it into my notation it is enough to take A =D = {0,1}, @ = {P} with &y = ;)
®y = dp1y (i.e. the current regime coincides with the current dividend and both agents agree
about it). We also have Q@ = {Q', Q*}. As for ag we may assume the agents know it as it
coincides with the dividend hence the agent’s beliefs about this one coincide and put the
whole measure on its true value. Hence the initial beliefs are just measures over A x @,
specifically 7} puts all the measure on (dg, Q') and 72 puts all the measure on (ag, Q?)
(where aq is the true value of ag), i.e. T = 0z, @ I

We can see that since agents have disjoint supports in their beliefs they will not be
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learning the transition matrix over time. We will see in the next section that this lack of
dynamics in the beliefs is crucial for having an explicit solution for equilibrium prices in
the Harrison and Kreps example. In this case it is also straightforward to compute the
fundamental values. It is clearly only the function of last period dividend (for each agent)
because it is the sole factor to determine the future distribution of dividends: Vi(d') = V*(d;).
Denoting V' = [V¥(0), V¥(1)]" and using recursiveness and Markov property we get that it

has to satisfy:

Vi= Q' + 3

SO

Vi=p(I-6Q) Q)

1
In case of § = 3/4 we get:
4/3 1.33 16/11 1.45
| M I A 3)
11/9 1.22 21/11 1.91

3 Recursive Equilibrium

Since we assume rationality of agents (given their own initial beliefs) they must do learn
from the observed signal in the Bayesian way. This creates certain dynamics of beliefs. I
want to make new beliefs be only dependent on the last period beliefs and the current period
dividends (rather than the whole history). To achieve that we introduce some new notation
for the updated beliefs, and understand the current beliefs to be a distribution over the
current position of the Markov process, a; rather than the initial one. This will lead me to

the notion of recursive equilibrium, which will appear to be a powerful tool in analysis of
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the equilibria in this model. That doing so makes the model consistent with the Bayesian
learning requires some formal argument. It will be done in this section by proving that a
recursive equilibrium can be translated to an equilibrium.

First let us define the belief update operator, A\, which is crucial for applying the stochastic
dynamic programming techniques. It maps the previous period beliefs into the current one,

taking into account the current realization of the dividend d.

Definition 1 Givenw € A(Ax P x Q), and d € D define a measure )\d(ﬂ') € A(Ax P x Q),

by
M AXx P xQ)=Pr"(a € ANG € P AqgEQ|d =d)

for each measurable A C A, ® C ®,.Q C Q, and some particular version of the conditional
probability. Without loss of generality, throughout this paper I will be always using the version

of the conditional probability which is given by Bayes’ rule.

Definition 2 A (symmetric) recursive equilibrium consists of a value function V : [0, 1] x
A(A x & x Q)2 — R, policy function, I' : [0,1] x A(A x ® X Q)2 — Ry, and pricing
function, p : A(.A X P x Q)2 — R, such that:

V(y, ', 7%) = max {(y = )p(x", 7°) + BE™ (V(, M2 (x"), A (7%)) + 7'y }

>0
L(y, 7, 7%) € argmaz {(y = )p(rt, 72) + BE™ (V(¥/, A% (x1), A (72)) ++'d,) }
v'>

and for each v, 7', w2, d we have:
L(y,m! 7)) +T(1 =y, 7% 7') =1

It should be noted that in this case the symmetry reflects the fact that only one value
function is used for both agents. When it is used for agent 1 it reads V' (y, 7!, 72) and when for

agent 2 it becomes V (v, 72, 7!). Also note that whenever d; appears under the expectation
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associated with measure 7, (e.i. E™f(d;) with f being any measurable real function) it refers
to the first period dividend distributed according to the probability distribution Pr™ defined
in (1).

For notational simplicity it is useful to denote the beliefs process by 7, which is defined

recursively via:

773 = )\4 (71'6)

7T§+1 = N+t ()

Theorem 3 Given some initial beliefs, 7§, m3 € A(A x P x Q)2, if V1 [0,1] x A(Ax ® x
Q)2 —R,, T, p: A(.A X D x Q)2 — R constitute a recursive equilibrium then the processes:
pi = p(rt,72), vty = D(rl,m"), o = p(f — vity) + vi*dy constitute a sequential market

equilibrium, given beliefs wh, 3 if the following transversality condition holds:
lim BB (V ()", i, m, ) +i7dy) = 0
fori=1,2.

The proof will follow from the following lemma:

Lemma 4 For each s € N, d € D, Ay,....,A;, C A, & C &, Q C Q, such that

Ag, ..., As, D, Q are measurable subsets, we have almost surely:

PI'W<(IIEA0/\.../\CLS+1EASA¢E@AQEQ|d1>

=Pr" (g€ AgA...Nas € A,ApEDPAgEQ)

This lemma states that all the future distribution of the relevant processes at the next
period is, from the perspective of player ¢, completely described by the updated measure

7l = A1 (xl). This argument extends by induction to any future period: all the information
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about agent i’s subjective future distributions of all the processes is completely encoded in
wi. This legitimates the introduction of the recursive equilibrium in this environment.
The proof of Theorem 3 as well as that of Lemma 4 are relegated to the appendix as they

are purely technical.

3.1 Characterization of recursive pricing rule

Using linearity of preferences and no short sales condition, we can argue that a pricing
function p : A(.A X P x Q)2 — R is the pricing rule of some recursive equilibrium iff it

satisfy the following first order condition to the Bellman equation:

p(rt,7*) = max SE™ (p(A™ (71), X (%)) + dy)

i=1,2

In order to organize the notation let’s define the following operators, T,T7M T3 .

B(A(A x ® x Q)Q,]R) — B(A(A x ® x Q)Q,]R), with:

T(i)p(ﬂJ,ﬂ_Q) = BE™ {dl +p(/\d1 (7T1), A& (71_2))} i=1,2
Tp = maxTp

i=1,2

With this notation, the equation for prices becomes:

p="Tp (4)

so we are just looking for a fixed point of T
Also note, that the the fixed point of operator T is the fundamental value for agent i,
Vi,

Example of Harrison and Kreps (1978) — cont. Now we can see how much the lack

of learning facilitates the solution of the functional equation. The formula for operator 7
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becomes (note that without loss of generality we can treat prices as a function of a current

dividend since so are the beliefs):

TWp(d) = BE™ {d; + p(dy))}

’ﬂ{(1/2)p(0) +(1/2)(1 +p(1))} ford=0,i=1
B{(2/3)p(0) + (1/3)(1 +p(1))} ford=0,i =2
B{(2/3)p(0) + (1/3)(1 +p(1))} ford=1,i=1

\ﬂ{(1/4)p(0) +(3/9)(1+p(1)} ford=1,i=2

This allows us for almost immediate guess the solution to (4), which in the case of § =
3/4 is p*(0) = 24/13 = 1.85 and p*(1) = 27/13 = 2.04, which is clearly higher than the

corresponding maximal fundamental values derived in (3).

Let us investigate some properties of 7.
Lemma 5 Operators T,T™ are all 3-contractions w.r.t. the sup-norm.
Proof. A direct application of Blackwell’s sufficient conditions. m
Lemma 6 If p is continuous, then T'p is continuous.

As a corollary we get:

Theorem 7 If 3 < 1 then there is the unique bounded solution, p* to the functional equation

(4). Moreover, p* is continuous and p* = lim;_., T*p (in the sup norm,).

It is worth noting, that there is no hope for more general regularity conditions for the price
system beyond continuity. The following examples will show the lack of differentiability, while
any kind of convexity seems meaningless in this setup (at least in general). Nevertheless,

the following monotone property of operator 1" appears to be useful.
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Lemma 8 If T'p > p for some price system p, then T?p > Tp. Hence also p* > p

Proof. For any beliefs 7!, 72 we have:

T?p(x!, 7%) = fmax /D P (@) (d + Tp(A (n1), A (n2)))dd!

> max /Dp (@)(d +p(A ('), X (x2)))dd!

with p™ (d') denoting probability density of next period dividend according to an agent with

beliefs 7 i.e.

() = /A . /A bu(d)g(a, da' )7 (da, d, do)

As a corollary we get a useful fact.

Theorem 9 If we define the fundamental pricing rule by p* = max;— o V' then if for some
beliefs (wt,7%), Tp! (7t , 7n%) > pf'(x!, 72), then p*(nt, %) > pf'(w!, 7?), i.e. we have specula-

tion in equilibrium for those initial beliefs.

Proof. It is clear, that for fundamental pricing we have Tp* > p¥. From the previous
lemma we get, that T2?p"” > T'p!" hence using this lemma again we get that p* > T'p/. Hence
by our assumption p*(7!, 72) > Tpf (7!, 7?) > pf' (7!, 7?) =

This theorem gives us an easy tool to check if we have a speculative bubble in a given
economy. Just take an initial guess for pricing system to be p/ = max;—;, V? (the highest
fundamental value). Then iterate it once. Obviously we must have Tp/ > p/ (if the agents
are promised to be able to resell the asset at the highest fundamental price next period then
in the current period they must be willing to pay at least their fundamental values). If we get
Tp’ = p’ then p’ is the solution to the functional equation (4) i.e. p* = p/ and the bubble

is always zero. Otherwise there are some beliefs, 7!, 72 for which Tp/ (7!, 72) > p/ (7!, 7%),
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which by proposition 2 implies that p*(7!,7%) > Tp/ (7!, 72) > p/0(x!, 72), which means
that we have a positive bubble, and hence a speculative trade, in equilibrium.

Now, I will show that the price in the bounded recursive equilibrium provides a lower
bound for the set of all sequential market equilibria. This justifies the use of applying
recursive equilibrium in the contest of speculative trade. If there is a speculative bubble in

the recursive equilibrium it is also positive in any sequential market equilibrium.

Proposition 1 For any initial beliefs mg, if p is a sequential equilibrium price system, and

*

p* is the bounded recursive equilibrium price, then for almost every history, dt, we have

p(d') =z p*(m(d")).

Proof. If (pi(d")) is an equilibrium price system, then it has to satisfy the first order
conditions of (2), which, taking into account the fact that the market clearing condition

must hold (i.e., 7/ > 0 for at least one agent), leads to:

pi(d') = max ﬁEWé [ptﬂ(dtﬂ) + dt+1‘dt}- (5)
Define inductively a sequence of functions, p, : A(A X ® x Q)2 — R, by

po(m) =0

P (m) = max SET [dy + pj, (X (7).

Then by Proposition 7, we have p* = lim, .o, p:. I will show by induction that p;(d;) >
pi(dy, ) (dy), w2(d")), for each n, d'.
For n = 0 this is obvious. Suppose that p;(d") > p:(d', m,(d")) for some n and all ¢ and

d". Then, using (5) and Lemma 4 (recursively, ¢ times) we get
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pu(d') = nax BE™ [dt-i—l + Pit1 (dt+1) |dt]

=1,

> max BE™ [dysr + piy (1o (d)) | d']

= max SE™ (@) [d1 + py, ()‘dl (Wt(dt)))}

i=1,2

= p;kz+1(77t(dt))-

4 Examples

In this section I will consider the environment in which the agents’ only potential dis-
agreement is about the current regime.

I present two examples. The first one has 2-state regime process where the states are
stable in the sense that in each of them probability of staying in it is bigger then moving out
of it. In that case I prove that no speculative trade (and hance no bubble) can exist.

In the second example I consider 3-state regime process. There are two “good” states and
one “bad” state. In good states agents get relatively high probability of dividend (around
2/3) but if the state is bad the probability of dividend is 0. The “high” regimes are different
in terms of probability of switching to the “bad” regime. These probabilities are both low
but one is smaller than the other. Agents initially think they are in a “good” regime but of
a different type. Here I will be able to show how Theorem 9 can be easily applied to show
that there is a generic speculative pattern (for some open set of parameter values). In that
example we will also see that the speculation may persist arbitrarily long even though the

agents are learning.
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4.1 A Simplified Environment

Here the agents agree upon the value of the transition function as well as upon the
distribution of dividends. They just disagree about the current regime. Formally this means

that we consider the class of models in which: A = {a4,...,a,}, D ={0,1}, ® = {¢} with

qGin - qin
ba, (1) = 1 — ¢q,(0) = ¢;, Q = {q}, with ¢ = oo (Markov chain transition

n1  --- dnn
matrix).

In words this setup means that there is an underlying A-valued Markov chain in the
economy, ag, a1, ..., 0, ... with the known transition matrix, ¢. Each period dividend d; is
paid with probability ¢; which is determined solely by the current position in the Markov
chain, a; = a;. The agents formulate beliefs about the initial position of the Markov chain,
ag. They both know the value of ¢ and ¢, and over time they beliefs evolve in the Bayesian
fashion. The current beliefs of agent i are 7' = [r¢,... 7] € A(A) ~ AL

In this setup the updating dynamics as well as finding the fundamental values become
relatively easy. It is straightforward to see that the fundamental value of agent i, V¢ = 7¢-V/,
where V' = [Vq,...,V},]" is the vector of fundamental values for each initial position in the

Markov chain. V is the solution to

(I = Bq)V = Bqo

The fundamental price becomes:

p/ = max 'V
i=1,2

Given the initial beliefs 7* and the current period dividend, d’ the new beliefs are (using
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Bayes’ rule):

|: 1 E?:l ‘Ij17T§- . Pn Z?:l anﬂ;' _ i| if d =

/\(d,|7TZ) _ Z?/Zl ¢j/ 2?21 %j'”%’ B E?/:l ‘bj’ Z;}:l qjj/W;' . (6)
[ (1—¢1) E?:l 4j17; ] (1—¢n) Z?:l 4jn T} ] } ifd =0
Z?/:1(1_¢j/)2?:1 O i Z?’:l(l_‘ﬁj’)zyzl 5™

Also it will be useful to have the explicit expression for the probability of dividend next

period, d’ = 1, given the current beliefs are 7':
Pr{d =1} = w'q¢ (7)
The formula for operator 1" becomes:

Tp(rt, 7?) = ﬁgz&{ {Pr’ri{d’ =1}1+p (A (L"), A (1]7?))

+ (1 P = 1}) p(AO|7"), A (0]7%) )

4.2 Example with no speculation

Here we will see a situation in which we will actually solve the functional equation. The
solution will be (as one may expect) the fundamental valuation by the agent for whom it’s

the highest (given beliefs).

. 4nh  qnl 1—¢ € . 1 92
Proposition 3. If A = {h,l} and ¢ = = satisfies €' 4 € <

QGn - qu e 1—é

1 < 1, then the equilibrium price is equal to the fundamental price: p* = p’ for all beliefs.

This proposition states that if we have only 2 regimes there will be no speculation. It
seems that only two regimes cannot give enough room for disagreement if we have only 2
signals (the dividend either paid or not).

Proof.

Since we have only 2-state Markov chain, the beliefs can be just represented by one
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number: probability of being in a given state. To fix ideas let it be state h. Hence the beliefs
are: m € [0,1], i = 1,2 and satisfy: Pr™ {ao = h} = .

As usual, denote: ¢ = [¢n, ¢1]" to be the vector of the probabilities of the dividend in
regime.

I will show that the equilibrium price is just the fundamental price, i.e. Tp/ = p/ (for all
beliefs).

/

Without loss of generality assume that the fundamental vector V' = [V}, V]|’ satisfies

Vi, >V} (otherwise just relabel the states). We have then
pl(rt, 7% = g%{wivh + (1 -7V}
- (?Zl%ni)vh +(1- g%}gﬂl)‘/}
by symmetry of the agents, wlog I can always assume 7! > 7% (otherwise just renumber
them), which leads us to

pf(7r1,7r2) =V, + (1-— 7r1)Vl (8)

Now I will show that A%(r) is increasing in 7w for d = 0,1 (in words: agent who was
more optimistic in the first period will always remain more optimistic in the next period, no

matter which dividend occured). By (6) we have:

n

—

1761)7'('4»62(1771')]

Ai() = J PR AT =) ford=1 (9)
Pr[(1-e)m+e(1-m)] for d — 0
all—rre(—m+onent(i-e)i-n] o8 ¢~
A bit of algebra gives:
0 1—¢€l — ¢
L\ () = : A : >0 d=0,1
on (appropriate denominator expression # 0)?2
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so indeed for €!, €2 < 1/2 \%(7) is increasing in w. Hence 7' > 7% implies that also \%(7!) >
(7).

Another thing I am going to need is Pr™ (¢ = 1) > Pr" (d = 1) (always assuming
7! > 7%), which is easy to verify using (7). Also I will need A (7) > A°(7), which is
intuitively obvious and straightforward to check from (9).

This gives us:

Ty = 5?1%{&“{6[ =1} [14p" (A=), A (7))]
+ (1= P {d = 0}) p (), A%r?))}
_ ﬁg%{Pr’”{d =1} (L + N(7HVi + (1 = AN (7)V)
+ (1= P {a = 0}) (\O(x)Vi + (1 - )\O(wl))V})}
= BPr™ {d =1} (1 + A7)V + (1 = A ()W)
+ (1= Pr™ {d = 0}) (\(x") Vs + (1 = X (x) V)
=T'V!
=Vt
=tV VY

where the second line comes from (8), the third uses the fact that Pr™ (d' = 1) > Pr™ (d' = 1)
and A!'(m) > A(w). Then we use the fact that V* is the fixed point of operator T". this

allows us to conclude that p? is the equilibrium price for all beliefs. m

28



4.3 Example with speculation

Let A = {hl,h27l}, (;5 = [(1)1,(1)270]/ and

Ghihy 9hihe  Ghql 1— 61 0 61
9= | Ghohy Qhohe Ghal | = 0 1—€ €
Qiny, Qb qu 0 0 1

This setup means that we have 2 ’good’ regimes, hq, hy, and one ’bad’ regime, [. In
regime h; the probability of dividend is ®; > 0 and the probability of switching to the bad
regime is €!. In regime hy the probability of dividend is ®, and the probability of switching
to the bad regime is €2. In bad regime [ there are no dividends (®3 = 0) and this state is
absorbing.

In this setup we can readily get an interesting result.

Proposition 2 If @, ¢!, @y, € are such that Vi = Vs, 7t = (1,0,0), 7% = (0,1,0), and
Oy # Dy (the agents’ valuations are exactly the same but the beliefs differ) then we have

speculation, namely p*(rt, %) > pl' (7l 72) = Vi = V.

This proposition says, that whenever the parameters are such that both agents’ valua-
tions of the asset are exactly the same but their beliefs about the probabilistic structure of
dividends differers in any way, then there must be some speculation going on. The intuition
behind this result is that if agents agree upon the discounted present value of the stream
of the future dividends, then in order to have different probabilistic structure of them one
of them must have a higher probability of dividend in "his’ good state (®;), which must be
compensated by a lower higher probability of switching into the low state (¢;). Also, a simple
algebra shows that the agent with the higher ®; must also have a higher probability of seeing
a dividend the next period. This means that his willingness of buying the asset today and
selling it for its fundamental value tomorrow must be higher than that of the other agent.

We know that any agent’s willingness to buy it today with the option of resell it tomorrow
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must be at least his own fundamental value, V;. Finally, using that V;, = V5 we conclude
that the agent with the higher ®; must be willing to pay for the asset more than V; = V4,

hence we must have speculation.

Proof Without loss of generality assume ®; > ®,. We have:

B(1-e)a
Vi A
= = 6(1_62)¢’
V=1" =a=e)
Vi 0

Hence the condition V; = V5 implies (after some rearrangements):

% o 1,162 - 6
¢1 1_161 - ﬁ
Then by ®; > &, we get that:
1 1
J— < J—
1—¢? g 1—€l g

which implies ! > €2. Also note, that we can rearrange the condition V; = V5 in another

way to get:

(1—€h)d, _1- B(1 —eh)
(1—-e)Py 1—-05(1—¢?)

But because €' > €2, the RHS of the above is bigger than 1 hence we have:

(]_ — 61)(131 > (1 — 62)@2
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Now we will see that Tp® (7!, %) > T?p!" (7!, 72). Using the definition of T% we get:

TipF (xt,72) = 3 [Pr™ (d = 1)(1 + max{\.(x)V, \L(72)V}) + Pr™ (d' = 0) max{\°(x})V, /\O(WQ)V}]

=B 1(1—e)Di(1+ V1) + (1 — (1 —€)dy) max{

(1—e)(1 =) (1 —€)(1—Dy)

=031 —e)0;(1+Vy)+(1—(1—€)D) max{

(1-e)(1-®1) (1—€2)(1-®2)
1-(1—-e)®; 7 1-(1—€2)®q

Since < 1,and (1 —€')®; > (1 — €2)®, then indeed we must have
Tpf(xl, 7?) > T?pf (7!, 7%). We also must have that T?p% (7!, 7%) > V, (if agent 2 is
promised to be paid at least his own valuation tomorrow, then his willingness to pay for
the asset must be at least his own valuation today, which is V5). Hence we have shown

that T pf (7!, 72) > T?pf (7!, 72) > Vo = Vi = pf'(x!,7?). Now by Proposition 2 we get

p*(ml, 7?) > pf'(w!, m?) hence we have speculation in equilibrium. |

One can expect that this speculation may persist very long. Each time the agents observe
d = 1 they know they cannot be in the state [, so system is reset (we are back to the initial
beliefs, which we know lead to speculation). Indeed this speculation will last till we are

finally settled in state [.

5 Conclusion

In this paper I construct a model of speculation which looks like a promising tool in
modeling long lasting speculative behavior when investors are learning from data. The
idea is that investors, even though they learn from data, sometimes have to wait for some
particular stream of signals to learn about certain aspects of the underlying regime. In the
last example we saw that each time the agents observe dividend 1 the system is almost reset.
Hence in order to achieve convergence of beliefs they need to observe a sufficiently long
stream of zeros, so that both agents get convinced that a bad regime really occurred (once

it happens their beliefs are pretty much the same because we have only one bad regime).
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It is clear that when calibrating this model we can use more regimes in order to be able
to capture some more sophisticated states which can be distinguished only after observing
some very specific sequence of signals. For such signals we may need to wait very long.
This creates the persistence of speculation, which is somehow hidden before that particular
sequence occurs. This would be a good explanation for bursting of market bubbles. Doing

so seems like a natural direction of future research.

Appendix

Remaining proofs

Proof of Lemma 4. First note, that since we defined:

M) AXx P xQ)=Pr"(a; € ANGEPAqgEQ|d =d)

_Joed JgeQ Jajea Jagen 7(dag.dé.da)a(ag,dat)day (d1)
Jpe® Jqeo fao’aleAz n(dat,dé,dq)q(ag,day)daq (d1)

for each measurable A C A, ® C ®, () C Q, then each time we integrate with respect to the
measure \(7), we can do the following replacement under any integral (the quotes will not
be needed under an actual integral):

Janea m(day,d¢,dg)q(aqg,dat)day (d1)
d 9 __%» ag€ 1
A () (da1,dp,dg)” = Toea Taea Tuy oy ca2 (@139, da)a(ag,da1)Pay (41)

Using this we have:

Pr*™(ag € Ag... a, € A, € g € Q) =

:f¢€q> fqu f(a‘O 77777 ES)GAOXAS )‘d(ﬂ-)(da07d¢7dq)q(a07da1)

= I i faog_A m(dag,d¢,dg)q(aqg,day)day (d1)
“Joed Jge@ J(aq,..., agy1)€EAQX... X Ag -’.¢E‘I"/'q69fa0,ale,42 m(day,d¢,dq)q(aq,day)daq (d1)

_f¢e<1>fqufaoeAf(a1 ..... agy1)€AQX... X Asg m(daq,d¢,dq)q(ag,day)daq (d1)
o Jse® Jqeo fao,a1EA2 w(day,d¢,dq)q(ag,dar)daq (d1)

:Prw(al GAOa--~7as+1 €A5,¢€¢,QGQ|CZ1 :d)

B Proof of Theorem 3. It is straightforward to check that the proposed allocation
satisfies feasibility, budget feasibility as well as measurability assumptions. The only thing
which requires an argument is that the proposed agents’ plans, (7;); maximize their utilities,
given prices. We shall do it only for agent 1 (the other follows by symmetry). The proof here
follows along the lines of the proof of theorem 9.2 of Stokey et al. (2004) with an adjustment
for slight change in their Markov environment (our environment is technically not Markov
but thanks to Lemma 1 we may treat it as if it was).

Clearly in any solution to an agent’s problem the budget constraint is satisfied
with the equalities, therefore wlog we may assume agent 1 is choosing only ' =
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(71,73 (d"),7a(d?)...) > 0 (following Stokey et al. (2004) we call it a plan) to maximize:
U(’}/, 7&7 7'('1, 7T2) = Tl'ggo U’T(V? ’7(%7 7T17 7T2)

where up(v,7, 7t, 72) = E™ S BUpe (v — i) + veds] taken as given 4§ = 0.
Denote I" to be the set of feasible plans for asset holdings for agent 1 (i.e. satisfying
vt >0, Fl-measurability and such that u is well defined, potentially allowing for +00).
Following the notation of Stokey et al. (2004) we denote:

V*(737Wé7ﬂg> :Su?u(’%ﬂ(l)ﬂr?)) (10)
yE

for each 7§ > 0.
We will show that V (g, 75, m5) = V* (14, 75, 73 ) and that proof will imply that v*! attains
the sup in (10). First we prove that

V(0. m9, ) 2 u(v, %, 70, 7o) (11)

for all v € T', and then we will see that

V(’Vévﬂ(l)ﬂrg) :u(V*ivV(%?Wé?W?)) (12)

We have for any ' € T,

Vo, . m3) = mac { (4 — 7)o, 78) + BER (VI Alchlm), Mch|md) + /) }

v'>0

> (v — (s, 7)) + BE™ (V(of, Mdi |m3), A(da|m3)) +7idy)

. 1 1.1
=(v6—1)p(mg,m3)+BETO <maxyfzo{(vll—v/)p(frémSHﬂEA(d o) (V(“/,/\(dllﬂé),/\(dﬂﬂg))ﬂ/dl) }+’Y11d1)

. 1
=(é—")p(w},m3)+BET0 ( maxyfzo{ (vi =)p(r,m3)+8 (V(W’A(d2 7)), A (d2 |W§))+7’d2) }+711d1>

. 1
> (3= )p(m w2)+BE™ ((vE—1d)p(md ) +8 (V (v Adalmd) Ada|nd) +vdde ) +id: )

= uy (7 g, it w2) + BEET (V (g, m (da| ), Mda| 7)) + 7ids)

Here, line 4 follows from Lemma 1 and the law of iterated expectations. Note some notational
complication in line 3 caused by the fact that d; under the second expectation is a dummy
variable for that expectation and is a different d; then that out of that expectation. Indeed
dy under the second expectation refers to the period 2 from the perspective of initial beliefs,
but it is the first period from the perspective of updated second period beliefs — actually
thanks to Lemma 1 we can replace that d; with dy in line 4.

Now we may continue this process to obtain by induction that

V (e, 78, m2) > up(yh, 4, w?) + BTET (V vk, A(da|md), A(do|72)) + ~kdr)

for all . Now, using the assumption that V' > 0 we conclude that (11) holds. Having
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(11) we can go over the above derivation replacing in each line 7/ with the respective ~;!
(now getting the equality in each line by the construction of ;! which comes from the policy
function for V') to obtain (12). To do so we need to use the assumed transversality condition.
But this means that the plan v*! attains the maximum for agent one’s problem. =
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