
Edujdlqlqj Zkhq Vxqvsrwv Pdwwhuú
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Ghsduwphqw ri Hfrqrplfv
Fruqhoo Xqlyhuvlw|

Iheuxdu| 4<<<

Devwudfw
Zkhq djhqwv nqrz wkdw wkh hqylurqphqw wkh| olyh lq lv fkdqjlqj

wkurxjk wlph/ wkh wudglwlrqdo Qdvk Edujdlqlqj Uxoh lv qr orqjhu wkh
olplw ri wkh vhtxhqwldo edujdlqlqj jdph1 L ghulyh wkh olplw uxoh iru
elodwhudo edujdlqlqj zkhq djhqwv uhfrjql}h wkdw wkh djjuhjdwh hfrq0
rp| iroorzv d g|qdplf surfhvv wkdw udqgrpo| vzlwfkhv edfn dqg iruwk
ehwzhhq wzr srvvleoh vwdwhv1 Ghfhqwudol}hg hfrqrplhv zlwk edujdlq0
lqj duh qdwxudo hqylurqphqwv iru wkh vwxg| ri vxqvsrw htxloleuld1 Wkh
uxoh ghulyh lq wklv sdshu wkhq ehfrphv ri vshfldo lpsruwdqfh iru wkrvh
w|shv ri skhqrphqd1 Wzr vlpsoh dssolfdwlrqv duh suhvhqwhg wr looxv0
wudwh wklv idfw= rqh iru wkh oderu pdunhw dqg wkh rwkhu iru d prqhwdu|
udqgrp0pdwfklqj hfrqrp|1 Lq wkh ?uvw h{dpsoh/ d prgho ri zdjh
edujdlqlqj dqg wudgh h{whuqdolwlhv lv lqwurgxfhg dqg lw lv vkrzq wkdw
lq wkrvh vlwxdwlrqv vrsklvwlfdwhg edujdlqlqj fdq lqfuhdvh wkh yrodwlolw|
ri wkh zdjh eloo gxh wr h{wulqvlf xqfhuwdlqw|1 Lq wkh vhfrqg h{dpsoh/
d Nl|rwdnl0Zuljkw prgho ri prqh|/ htxloleulxp sulfhv duh vkrzq wr
ixqgdphqwdoo| ghshqg rq rxu qryho edujdlqlqj vroxwlrq1 MHO F:;/
H63/ H571

úL zrxog olnh wr wkdqn Nduo Vkhoo iru khosixo frqyhuvdwlrqv dqg hqfrxudjhphqw1 Jxlgr
Fr}}l/ Wrgg Nhlvwhu/ Vdoydgru Ruwljxhlud/ Oxlv Ulydv dqg wkh sduwlflsdqwv dw wkh Vsulqj
4<<< Fruqhoo Xqlyhuvlw|0Shqq Vwdwh Xqlyhuvlw| Mrlqw Pdfurhfrqrplfv Zrunvkrs dovr sur0
ylghg xvhixo frpphqwv rq dq hduolhu gudiw1 Doo huuruv duh p| rzq1 Uhvhdufk vxssruw iurp
wkh Wkruqh Ixqg dqg wkh Fhqwhu iru Dqdo|wlf Hfrqrplfv lv judwhixoo| dfnqrzohgjh1

|Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ 77<D Xulv Kdoo/ Fruqhoo Xqlyhuvlw|/ Lwkdfd Q\
47;861 H0pdlo= kph4Cfruqhoo1hgx1
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4 Lqwurgxfwlrq
Lq d vwdwlrqdu| htxloleulxp/ wkhuh h{lvwv d forvh uhodwlrqvkls ehwzhhq wkh vr0
oxwlrqv wr wkh vhtxhqwldo edujdlqlqj jdph +Uxelqvwhlq/ 4<;5, dqg wkh Qdvk
Edujdlqlqj Uxoh1 Vhh/ iru h{dpsoh/ Elqpruh/ 4<;:1 Lq idfw/ hlwkhu zkhq wkh
shulrg ri wlph ehwzhhq hdfk urxqg ri qhjrwldwlrqv lq wkh vhtxhqwldo edujdlq0
lqj jdph ehfrphv yhu| vpdoo/ ru zkhq wkh glvfrxqw idfwru jrhv wr xqlw|/ wkh
wzr wkhrulhv gholyhu wkh vdph suhglfwlrqv1 Lq jhqhudo/ krzhyhu/ wklv htxlyd0
ohqfh euhdnv grzq zkhq wkh djhqwv lqwhudfw lq d qrqvwdwlrqdu| hqylurqphqw
+Frohv dqg Zuljkw/ 4<<;,1 Iru wkh fdvh lq zklfk wkh sdudphwhuv ri wkh edu0
jdlqlqj jdph duh fkdqjlqj ryhu wlph vprrwko|/ Frohv dqg Zuljkw ghyhors d
vlpsoh irupxod wkdw fdq eh dssolhg wr rewdlq wkh olplwlqj vroxwlrq +dv wkh
wlph lqwhuydo ehwzhhq pryhv dssurdfkhv }hur, wr wkh dowhuqdwlqj0r>huv edu0
jdlqlqj surfhvv1 Vrph ri wkrvh sdudphwhuv iru wkh jdph pd| eh hqgrjhqrxv
wr wkh djjuhjdwh prgho dqg ghwhuplqhg/ iru h{dpsoh/ lq wkh pdunhw +sulfhv/
zdjhv/ dqg rwkhu yduldeohv ghwhuplqlqj wkh sd|r>v iurp qhjrwldwlrqv/ hwf1,1

Vhyhudo zhoo0nqrzq h{dpsohv ri hfrqrplhv zlwk ghfhqwudol}hg wudglqj
vkrz wkdw htxloleuld duh riwhq vhqvlwlyh wr wkh lq xhqfh ri h{wudqhrxv ydul0
deohv wkdw frruglqdwh h{shfwdwlrqv1 Diwhu wkh vhplqdo zrun ri Fdvv dqg Vkhoo
+4<;6, +vhh dovr Vkhoo/ 4<::,/ lw kdv ehhq vkrzq lq wkh olwhudwxuh wkdw udwlrqdo
h{shfwdwlrqv hfrqrplhv lq zklfk wkh xvxdo Duurz0Gheuhx vhw ri dvvxpswlrqv
gr qrw rewdlq duh jhqhudoo| vxemhfw wr wkh h{lvwhqfh ri vxqvsrw htxloleuld14

Iroorzlqj wklv wudglwlrq/ wudgh iulfwlrqv kdyh vkrzq wr eh dq lpsruwdqw idf0
wru wr prwlydwh wklv vxqvsrw0w|sh ri skhqrphqd +vhh iru h{dpsoh/ Gldprqg
+4<;5,/ Krzlww dqg PfDihh +4<;;, iru d oderu pdunhw prgho/ dqg Zuljkw
+4<<7,/ Vkl +4<<8, dqg Hqqlv +4<<;, iru udqgrp pdwfklqj prghov ri prqh|,1
Xvxdoo|/ elodwhudo edujdlqlqj frqvwlwxwhv dq hvvhqwldo sduw ri wkhvh prghov1
Fohduo|/ li rqh dssolhv wkh vdph sulqflsohv wkdw jxlghg wkh Frohv0Zuljkw dqdo0
|vlv/ wkhq rqh vkrxog h{shfw wkdw wkh rxwfrphv iurp qhjrwldwlrqv ghshqg rq
wkh h{wulqvlf xqfhuwdlqw| wkdw gulyhv wkh g|qdplfv ri wkh djjuhjdwh hfrqrp|1
Lq d vhqvh/ iurp wkh srlqw ri ylhz ri wkh djhqw lqyroyhg lq wkh elodwhudo uh0
odwlrqvkls zkhuh edujdlqlqj lv wdnlqj sodfh/ wkh sdudphwhuv ri wkh jdph duh
qrw vwdwlrqdu|1 Krzhyhu/ wkh| gr qrw qhfhvvdulo| iroorz d vprrwk sdwk ryhu
wlph1 Lqvwhdg/ wkh irfxv khuh zloo eh lq wkrvh fdvhv zkhuh wkh vxqvsrw vljqdo
wuljjhuv mxpsv iurp rqh vhw ri htxloleulxp ydoxhv wr dqrwkhu dv lw vzlwfkhv

4Wklv lv |hw dqrwkhu fdvh iru wkh vr0fdoohg Sklodghoskld Skron cWkhruhp*1 Vhh Vkhoo
+4<;:,1
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vwdwhv1 Wklv fdoov iru dq dgdswdwlrq ri wkh Frohv0Zuljkw uhvxow wr pdnh lw
dssolfdeoh lq wklv vshfl?f vlwxdwlrq1 L surfhhg zlwk wklv wdvn lq wkh suhvhqw
sdshu1

Xvlqj d vlplodu phwkrg wr wkh rqh xvhg e| Frohv dqg Zuljkw/ zh rewdlq
d irupxod wkdw fdq eh xvhg wr ghulyh wkh rxwfrph ri edujdlqlqj qhjrwldwlrqv
zkhq wkh vwdwh ri wkh hfrqrp|/ iru zkdwhyhu uhdvrq/ udqgrpo| vzlwfkhv edfn
dqg iruwk ehwzhhq d ?qlwh qxpehu ri srvvleoh vwdwhv1 Wklv wkhru| lv wkhq ds0
solhg wr d frxsoh ri zhoo nqrzq prghov ri ghfhqwudol}hg h{fkdqjh iru zklfk wkh
htxloleulxp pd| eh vxemhfw wr h{wulqvlf xqfhuwdlqw| +vxqvsrwv,1 Vshfl?fdoo|/
dq hfrqrp| zlwk elodwhudo surgxfwlrq pdwfklqjv dqg wudgh h{whuqdolwlhv +ã od
Gldprqg/ 4<;5, dqg d prqhwdu| udqgrp pdwfklqj hfrqrp| +ã od Nl|rwdnl
dqg Zuljkw/ 4<;<, zlwk edujdlqlqj duh vwxglhg lq ghwdlo wr ehwwhu xqghuvwdqg
wkh h>hfwv wkdw wkh qhz ghulydwlrqv fdq kdyh rq djjuhjdwh rxwfrphv1

Wkh wzr h{dpsohv surylgh zlwk lqwhuhvwlqj lqvljkwv rq wkh ixqgdphqwdo
idfwruv wkdw ghwhuplqh wkh vxqvsrwv* lq xhqfh +wkurxjk iruzdug orrnlqj edu0
jdlqlqj, xsrq htxloleulxp rxwfrphv1 Wkh xqghuo|lqj gulylqj irufh iru prvw
ri wkh ?qglqjv lq wkdw sduw ri wkh sdshu lv wkdw wkh uhodwlyh srvlwlrq ri wkh
djhqwv dw wkh wzr vlghv ri wkh qhjrwldwlrq ghwhuplqhv wkh ?qdo lpsruwdqfh
ri vxqvsrw yrodwlolw|1 Dffruglqjo|/ li wkh djhqwv lq wkh elodwhudo edujdlqlqj
duh lghqwlfdo lq doo uhvshfwv/ vxqvsrwv gr qrw dowhu wkh vxusoxv0vsolwwlqj uxohv1
Rwkhuzlvh/ vxqvsrwv gr kdyh lpsruwdqw frqvhtxhqfhv ryhu wkh edujdlqlqj
srzhu ri wkh qhjrwldwruv dqg uhtxluh vshfldo frqvlghudwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq/ L ghyhors wkh jhq0
hudo irupxod iru wkh olplwlqj fdvh ri vhtxhqwldo edujdlqlqj zkhq wkh djjuhjdwh
hfrqrp| vzlwkfkhv udqgrpo| ehwzhhq wzr vwdwhv1 Dovr lq Vhfwlrq 5/ L glvfxvv
zkdw L fdoo wkh ehqfkpdun fdvh 0 wkh vlpsoh vsolwwlqj0wkh0fdnh sureohp1 Lq
Vhfwlrq 6/ wzr h{dpsohv duh lqwurgxfhg= d oderu pdunhw prgho zlwk edujdlq0
lqj +wkdw fdq eh vhhq dv d vshfldo fdvh ri wkh ehqfkpdun fdvh,/ dqg d udqgrp
pdwfklqj prgho ri prqh|1 Vhfwlrq 7 lv uhvhuyhg iru frqfoxglqj uhpdunv1

5 Wkh Edujdlqlqj Wkhru|

514 Jhqhudo Uxoh

Frqvlghu wkh iroorzlqj hfrqrplf sureohp1 Wzr djhqwv/ 4 dqg 5/ duh elodwhu0
doo| pdwfkhg> rxw ri wklv hqfrxqwhu wkhuh lv vrph pxwxdoo| ehqh?fldo vxusoxv
wkdw fdq eh surgxfhg> djhqwv kdyh wr ghflgh krz wr vsolw wkdw vxusoxv ehwzhhq
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wkhp1 Wklv lv wkh w|slfdo edujdlqlqj vlwxdwlrq vwxglhg e| Qdvk dqg Uxelq0
vwhlq1 Ohw % 5 U uhsuhvhqw d ghflvlrq yduldeoh iru wkh djhqwv ghwhuplqlqj krz
wkh vxusoxv lv glylghg1 Djhqw 4 kdv dq lqvwdqwdqhrxv sd|r> ixqfwlrq ü�E%( Xä/
zkhuh X uhsuhvhqw wkh vhw ri sdudphwhuv wkdw lq xhqfh/ iru h{dpsoh/ wkh vl}h
ri wkh wrwdo vxusoxv wr eh glvwulexwhg15 Djhqw 5*v sd|r> ixqfwlrq lv jlyhq e|
ü2E%( Xä1 Dvvxph üð 5 ä2/ ð ' �c 21 Ohw ü� eh lqfuhdvlqj dqg frqfdyh lq %
iru hyhu| Xé Dovr/ ü2 lv ghfuhdvlqj lq % dqg frqfdyh1 Djhqw ð glvfrxqwv wkh
ixwxuh dw udwh oðc ð ' �c 21 Djhqwv ghulyh }hur xwlolw| iurp qr wudgh dv zhoo dv
iurp rewdlqlqj qr vxusoxv rxw ri wkh pdwfk1 Khqfh/ % 5 d%c %o/ zkhuh % ' %
fruuhvsrqgv wr wkh vlwxdwlrq zkhuh doo wkh vxusoxv jrhv wr djhqw 4 dqg % ' %
zkhq doo wkh vxusoxv jrhv wr djhqw 51 Qrwh wkdw wkh ydoxhv ri Xc %c % pd| eh
fkdqjlqj wkurxjk wlph1

Wkh lghd lv wr frqvlghu wkh vroxwlrq wr wkh dowhuqdwlqj r>huv edujdlqlqj
jdph +vhh Uxelqvwhlq/ 4<;5, dqg wkhq vwxg| wkh olplw ri wklv vroxwlrq zkhq
wkh wlph shulrg ehwzhhq r>huv jrhv wr }hur1 Li X lv frqvwdqw wkurxjk wlph/
wkhq lw lv zhoo nqrzq wkdw wkh olplw ri wkh xqltxh vxejdph shuihfw htxloleulxp
rxwfrph ri wkh dowhuqdwlqj r>huv jdph lv wkh Qdvk vroxwlrq zlwk edujdlqlqj
srzhu dqg wkuhdw srlqwv wkdw ghshqg rq wkh ghwdlov ri wkh vshfl?f jdph
+Elqpruh/ 4<;:,1 Li X| iroorzv d vprrwk qrqfrqvwdqw sdwk/ wkhq wkh Frohv0
Zuljkw +4<<;, vroxwlrq dssolhv1 Krzhyhu/ zh zloo frqvlghu khuh wkh fdvh
zkhuh X| wdnhv d ?qlwh qxpehu ri gl>huhqw srvvleoh ydoxhv dqg mxpsv dprqj
wkhp dffruglqj wr vwdwhv ri wkh hfrqrp| wkdw duh ghwhuplqhg/ iru h{dpsoh
+dowkrxjk qrw qhfhvvdulo|,/ e| d vxqvsrw yduldeoh16 Lq idfw/ wkh pdlq lqwhuhvw
zloo eh lq wkh pdunhw htxloleulxp ri dq hfrqrp| zkhuh djhqwv jhw sdluhg
wkurxjk d pdwfklqj surfhvv dqg edujdlq wr vsolw pxwxdo ehqh?wv ri wkdw
pdwfk71 Lq wklv vhqvh/ X| pd| uhsuhvhqw wkh vwdwh ri wkh djjuhjdwh hfrqrp|
wkdw iru vrph uhdvrq ghwhuplqhv wkh ydoxh ri wkh pdwfk +vhh wkh h{dpsohv lq
wkh qh{w vhfwlrq,1

Wkh dowhuqdwlqj r>huv edujdlqlqj surfhgxuh rshudwhv dv iroorzv1 Iluvw/

5Qrwh wkdw wkhvh duh qrw sdudphwhuv ri wkh xwlolw| ixqfwlrq1 Wkh| uhsuhvhqw/ lq d zd|/
wkh vwdwh ri wkh hfrqrp| zkhuh wkhvh djhqwv lqwhudfw1

6Frohv dqg Zuljkw +4<<;, dvvxph wkdw wkh sduwldo ghulydwlyh ri wkh sd|r> ixqfwlrq zlwk
uhvshfw wr wlph lv erxqghg1 Wklv qhhg qrw eh vdwlv?hg lq wkh suhvhqw vhw xs1 Zlwk wkh
djjuhjdwh hqylurqphqw h{shulhqflqj rqo| glvfuhwh mxpsv ryhu d ?qlwh qxpehu ri srvvleoh
vwdwhv/ ghulydwlyhv duh rqo| hydoxdwhg dw d ?qlwh qxpehu ri srlqwv1 Lq wklv pdqqhu/ frq0
yhujhqfh ri vhtxhqfhv ri sduwldo ghulydwlyhv lv qrw dq|pruh dq lvvxh dv lw zdv lq Frohv dqg
Zuljkw1

7Wklv lv lq wkh vslulw ri Uxelqvwhlq dqg Zrolqvn| +4<;8,/ dowkrxjk wkh| doorz iru wkh
srvvlelolw| ri h{rjhqrxv euhdngrzqv1
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djhqw 4 pdnhv dq r>hu +E|ä wkdw pd| ghshqg rq wlph ehfdxvh X| grhv1 Djhqw
5 hlwkhu dffhswv ru uhmhfwv wkh r>hu1 Li djhqw 5 dffhswv wkhq wkh jdph hqgv dqg
wkh sd|r>v yhfwru lv jlyhq e| dü�E+E|ä( X|äc ü2E+E|ä( X|äo18 Li djhqw 5 grhv qrw
dffhsw djhqw 4*v r>hu/ wkhq d shulrg{ ri wlph jrhv rq dqg dw wlph |n{ djhqw
5 jhwv wr pdnh dq r>hu 5E|n{ä1 Djhqw 4 dffhswv ru uhmhfwv wkdw r>hu/ dqg wkh
jdph jrhv rq lq wkdw pdqqhu1 Dvvxph wkdw X|/ zklfk 0 dv zdv vdlg ehiruh0
fdq eh wkrxjkw ri dv wkh djjuhjdwh vwdwh ri wkh hfrqrp| zkhuh wkhvh wzr
djhqwv lqwhudfw/ iroorzv d vwrfkdvwlf g|qdplf surfhvv wkdw vzlwfkhv edfn dqg
iruwk ehwzhhq wzr srvvleoh ydoxhv +wkh qh{w vhfwlrq surylghv vhyhudo h{dpsohv
ri wklv skhqrphqrq,1 Fohduo|/ ehwzhhq | dqg |n{/ wkh hfrqrp| pd| wudqvlw
iurp rqh vwdwh wr dqrwkhu1 Wklv pd| wkhq uhvxow lq d pruh idyrudeoh vlwxdwlrq
iru rqh ri wkh wzr djhqwv zkr 0 dzduh ri wklv srvvlelolw|0 zloo dfw dffruglqjo|
zkhq edujdlqlqj1

Pruh vshfl?fdoo|/ dvvxph wkh djjuhjdwh vwdwh ri wkh hfrqrp| ghshqgv rq
d elyduldwh udqgrp yduldeoh r 5 ir@c rKj wkdw iroorzv d Srlvvrq surfhvv zlwk
wudqvlwlrq udwhv jlyhq e| dZ@cKc ZKc@o1

Dv lv xvxdo lq wklv w|sh ri sureohp/ wkhuh h{lvw uhvhuydwlrq ydoxhv de%r�c e%r2o
vxfk wkdw li wkh hfrqrp| lv lq vwdwh r/ djhqw � dffhswv dq r>hu % iurp djhqw
2 zkhqhyhu % è e%r� dqg djhqw 2 dffhswv dq r>hu % iurp djhqw � zkhqhyhu
% é e%r2é9 Dovr/ iurp wkh surshuwlhv ri wkh sd|r> ixqfwlrqv wkh ehvw r>hu ri
dq djhqw lv dozd|v wkh uhvhuydwlrq ydoxh ri khu sduwqhu/ l1h1/ +E|ä ' e%r2 dqg
5E|ä ' e%r�1

Wkh htxloleulxp uhvhuydwlrq ydoxhv lq hdfk vwdwh r vdwlvi| wkh iroorzlqj
wzr htxdwlrqv/

ü�Ee%r�( Xrä ' �

� n o�{

k
E�ý{Zrrâäü�Ee%r2( Xrä n {Zrrâü�Ee%râ2 ( Xrâä

l
c +4,

ü2Ee%r2( Xrä ' �

� n o2{

k
E�ý{Zrrâäü2Ee%r�( Xrä n {Zrrâü2Ee%râ� ( Xrâä

l
c +5,

zkhuh rc râ ' r@c rK dqg r 9' râ1 Fohduo|/ e%r� dqg e%r2 zloo eh ixqfwlrqv ri {1 Wr
vlpsoli| qrwdwlrq/ L fkrrvh qrw wr zulwh grzq wkh ghshqghqfh rq { h{solflwo|
exw lw vkrxog eh nhsw lq plqg iru wkh xsfrplqj dujxphqwv1

8Dfwxdoo|/ wkh htxloleulxp sd|r> lq vwdwh ûv pd| ghshqg rq wkh sd|r> lq vwdwh ûv3
wrr/ dv lw zloo eh vhhq lq wkh h{dpsohv ri wkh qh{w vhfwlrq1 Krzhyhu/ zh zloo nhhs wklv
vlpsol?hg qrwdwlrq iru fodulw| ri h{srvlwlrq1

9Rqo| klvwru| lqghshqghqw vwudwhjlhv duh frqvlghuhg lq wkh htxloleulxp wr eh vwxglhg1
Dovr qrwh wkdw L gursshg wkh w dujxphqw iurp wkh r>hu ixqfwlrqv ehfdxvh wkh rqo| vrxufh ri
g|qdplfv zloo eh wkh vzlwfklqj vwdwhv ri wkh djjuhjdwh hfrqrp| lqglfdwhg zlwk vxshuvfulsw1
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Ohw ûrE{ä ì e%r� ý e%r21 Lw lv vkrzq lq Dsshqgl{ 914 wkdw ûrE{ä ' ïE{ä
+l1h1/ ûrE{ä*{ $ S 5 U dv { $ f,1 Wkhq/ xvlqj wkh Wd|oru h{sdqvlrq ri
üðEe%r�( Xrä/ ð ' �c 2/ durxqg e%r2c iurp +4, dqg +5, rqh rewdlqv/

o�ü�Ee%r2( Xrä ' ýE� n o�{ä

é
üâ�Ee%r2( Xrä

ûrE{ä

{
n
JE{ä

{

è
n +6,

nZrrâ
í
ü�Ee%râ2 ( Xrâäý ü�Ee%r2( Xrä

ì
c

o2ü2Ee%r2( Xrä ' üâ2Ee%r2( Xrä
ûrE{ä

{
n
JE{ä

{
n +7,

nZrrâ
í
ü2Ee%râ2 ( Xrâäý ü2Ee%r2( Xrä nïE{ä

ì
é

Wkhq/ diwhu vrph vxevwlwxwlrqv dqg wdnlqj olplwv zkhq { $ f/: wkh iro0
orzlqj uhvxow rewdlqv1

Sursrvlwlrq 4 Zkhq wkh vwdwh ri wkh djjuhjdwh hfrqrp|/ X/ vkrzv vwrfkdv0
wlf g|qdplfv ryhu wzr srvvleoh vwdwhv dXr@ cXrKoc wkhq ie%rE|ä/ r ' r@c rKj/ wkh
olplwlqj +dv { $ f, vsolwlqj uxoh iurp edujdlqlqj / vdwlv?hv wkh iroorzlqj
htxdwlrqv= k

o�ü�Ee%r( Xrä n Zrrâ
í
ü�Ee%r( Xräý ü�Ee%râ( Xrâä

ìl �

üâ�Ee%r( Xrä

'
�

ýüâ2Ee%r( Xrä

k
o2ü2Ee%r( Xrä n Zrrâ

í
ü2Ee%r( Xräý ü2Ee%râ ( Xrâä

ìl
+8,

iru r 9' râ( rc râ 5 ir@c rKjé

Uhpdun 5 Rqh srvvleoh prwlydwlrq iru wkh g|qdplfv lpsrvhg rq X lv wkh
fdvh zkhuh wkh djjuhjdwh hfrqrp| xvhv d vxqvsrw yduldeoh dv d frruglqdwlrq
ghylvh ehwzhhq wzr ihdvleoh htxloleulxp vlwxdwlrqv +vhh wkh iroorzlqj vhfwlrq
iru vrph looxvwudwlrqv,1 Lq wklv fdvh wkhq/ qrwh wkdw zkhq Xr@ ' XrK c l1h1
zkhq vxqvsrwv grq*w pdwwhu dw wkh ohyho ri wkh djjuhjdwh hfrqrp|/ zh kdyhe%r@ ' e%rK dqg htxdwlrqv +8, uhgxfh wr wkh vwdqgdug Qdvk Edujdlqlqj vroxwlrq1

:Qrwh wkdw zkhq ü$ 3 lw ehfrphv luuhohydqw zkr pdnhv wkh ?uvw r>hu +k+ü, $ 3 dv
ü$ 3,1
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Uhpdun 6 Qrwh wkdw +4, dqg +5, irup d v|vwhp ri irxu htxdwlrqv lq irxu
xqnqrzqv/ e%r@� / e%r@2 / e%rK� / e%rK2 1 Dvvxplqj wkdw e%r@� : e%rK� dqg e%r@2 : e%rK2 +mxvw d
pdwwhu ri odeholqj,/ li d vroxwlrq wr wklv +jhqhudoo| qrqolqhdu, v|vwhp h{lvwv/
wkhq e%r@� ÷ e%r@2 dqg e%rK� ÷ e%rK2 / zklfk |lhogv dq Lpphgldwh Wudgh Htxloleulxp
+zlwk qr ghod| lq wkh edujdlqlqj surfhvv,1 Dq lpsruwdqw frqglwlrq iru wklv wr
kdsshq lv wkdw wkh wudqvlwlrq suredelolwlhv dZrrâ/ Zrâro duh vpdoo hqrxjk1

Uhpdun 7 Vxssrvh wkhuh lv dq lqglylgxdo udwlrqdolw| frqvwudlqw iru djhqw 5
jlyhq e| ü2E+E|ä( X|ä è UEX|ä zkhuh U lv d ixqfwlrq ri X|1 Wklv frqvwudlqw
wudqvodwhv lqwr e% 5 dfc h%oé Wkhq/ iru wkh frqvwudlqw wr eh elqglqj lq vwdwh r/
zh qhhg

ü2Eh%( Xrä è �

� n o2{

k
E�ý{Zrrâäü2Eh%( Xrä n {Zrrâü2Ee%râ� ( Xrâä

l
+9,

lq sodfh ri +5,1 Dqg +8, ehfrphvk
o�ü�Eh%( Xrä n Zrrâ

í
ü�Eh%( Xräý ü�Ee%râ ( Xrâä

ìl �

üâ�Eh%( Xrä

é �

ýüâ2Eh%( Xrä

k
o2ü2Eh%( Xrä n Zrrâ

í
ü2Eh%( Xräý ü2Ee%râ( Xrâä

ìl
é +:,

Lq vxppdu|/ li zkhq e%r ' h% zh kdyh wkdw +:, krogv/ wkhq zh rewdlq wkdw wkh
vroxwlrq iru wkh edujdlqlqj sureohp lv frqvwudlqhg1

Uhpdun 8 Vxssrvh wkdw wkh vwdwh ri wkh djjuhjdwh hfrqrp| fdq wdnh ydoxhv
lq wkh ?qlwh vhw 7 ' ir@c rKc rSc éééjé Lq wklv pruh jhqhudo fdvh/ htxdwlrq EDä
deryh/ ehfrphv%

o�ü�Ee%r( Xrä n
[
râM7

Zrrâ
í
ü�Ee%r( Xräý ü�Ee%râ ( Xrâäì& �

üâ�Ee%r( Xrä
'

�

ýüâ2Ee%r( Xrä

%
o2ü2Ee%r( Xrä n[

râM7
Zrrâ

í
ü2Ee%r( Xräý ü2Ee%râ( Xrâä

ì&
c +;,

iru rc râ 5 71

515 Ehqfkpdun Fdvh= Vsolwwlqj wkh Slh

Rqh ri wkh prvw vwxglhg h{dpsohv ri edujdlqlqj vlwxdwlrqv lv wkh fdvh zkhuh
wzr djhqw zlwk olqhdu xwlolw| ixqfwlrqv phhw/ surgxfh d vxusoxv +d slh, ri vl}h
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å dqg wkhq kdyh wr ghflgh krz wr vsolw lw ehwzhhq wkh wzr +vhh iru h{dpsoh
Uxelqvwhlq +4<;5,,1 Ohw % eh wkh sduw ri wkh slh wkdw jrhv wr djhqw 4/ dqg
å ý % wkh fruuhvsrqglqj vkduh iru djhqw 51 Frqvlghu d vlwxdwlrq zkhuh wkh
vl}h ri å ghshqgv rq d udqgrp vwdwh yduldeoh wdnlqj wzr srvvleoh ydoxhv Er@
ru rKä dqg iroorzlqj d Srlvvrq surfhvv zlwk wudqvlwlrq udwhv dZ@K/ ZK@o1 Qrwh
wkdw dv lw vwdqgv/ wkh xqfhuwdlqw| lq wkh suhvhqw fdvh lv hvvhqwldoo| lqwulqvlf1
Wklv pdnhv shuihfw vhqvh ehfdxvh 0 dv zdv vdlg ehiruh0 wkh irupxod ghulyhg lq
Vhfwlrq 4 lv dssolfdeoh wr jhqhudo vlwxdwlrqv +lqfoxglqj/ exw qrw h{foxvlyho|/
wkh vxqvsrwv fdvh,1 Pruhryhu/ lq wkh qh{w vhfwlrq lw zloo eh vkrzq krz wkh
skhqrphqrq ghvfulehg khuh fdq eh forvho| uhodwhg wr d vxqvsrw htxloleulxp
ri d sduwlfxodu djjuhjdwh hfrqrp|1 Lq wkh ghfhqwudol}hg h{fkdqjh hfrqrplhv
wkdw zh vkdoo vwxg| lq Vhfwlrq 6/ wkh vxqvsrw h>hfw lv lq d zd| h{rjhqrxv wr
wkh pdwfk +rqfh lq wkh pdwfk/ djhqwv wdnh dv jlyhq wkdw wkh hfrqrp| zkhuh
wkh| lqwhudfw lv vxemhfw wr vxqvsrwv h>hfwv,1

Lw lv hdv| wr vhh krz wkh sureohp mxvw suhvhqwhg ?wv shuihfwo| lq wkh
dqdo|vlv ri Vhfwlrq 51 Wkh sd|r> ixqfwlrqv duh jlyhq e| ü�E%( Xrä ' % dqg
ü2E%( Xrä ' å

r ý %/ r ' r@c rK> dqg htxdwlrqv +8, duh lq wklv fdvh/

o�%
r n ZrrâE%

r ý %râä ' o2Eå r ý %rä n Zrrâ
k
å r ý %r ý Eå r

â ý %râä
l
c +<,

iru rc râ ' r@c rK/ dqg r 9' râ1
î Uhvxow 4= Vxssrvh wkdw å r@ ' å rK ' å 1 Wkhq/ %r@ ' %rK ' do2*Eo� n
o2äoå dqg li o� ' o2/ wkhq wkh| zloo vsolw wkh slh lq kdoyhv1 Wkhvh duh
wkh xvxdo uhvxowv ri wudglwlrqdo Qdvk Edujdlqlqj Wkhru|1

î Uhvxow 5= Vxssrvh wkdw å r@ 9' å rK dqg o� ' o21 Wkhq %r@ ' å r@*2
dqg %rK ' å rK*2/ l1h1 lq vslwh ri wkh g|qdplfv lq wkh vl}h ri wkh slh/
wkh| vwloo vsolw lw lq kdoyhv +vhh Wkhruhp 6 lq Frohv dqg Zuljkw +4<<;,
iru dq dqdorjrxv uhvxow,1

î Uhvxow 6= Vxssrvh wkdw å r@ 9' å rK dqg o� 9' o2/ wkhq

%r@ '
o2

o� n o2
å r@ n Z@K

%
o2 ý

ý
o�no2
2

üý
o�no2
2

ü
n Z@K n ZK@

&
Eå rK ý å r@ä +43,

dqg

%rK '
o2

o� n o2
å rK ý ZK@

%
o2 ý

ý
o�no2
2

üý
o�no2
2

ü
n Z@K n ZK@

&
Eå rK ý å r@äé +44,
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Li/ iru h{dpsoh/ å rK : å r@ dqg o2 : o�/ wkhq %r@ : do2*Eo� n o2äoå
r@

dqg %rK ÷ do2*Eo� n o2äoå
rK 1 Wkh htxloleulxp sd|r> ri djhqw 4/ zkr lv

uhodwlyho| pruh sdwlhqw/ lv kljkhu lq wkh 3vpdoo slh4 vwdwh ehfdxvh vkh
zrxog eh zloolqj wr zdlw iru wkh fkdqjh lq vwdwh uhodwlyho| orqjhu wkdq
djhqw 5 +wklv udlvhv khu uhvhuydwlrq ydoxh/ zklfk lv zkdw vkh zloo hqg
xs jhwwlqj lq htxloleulxp,1 Vlploduo|/ zkhq wkh hfrqrp| lv lq vwdwh rK/
djhqw 4 zloo eh hdjhu wr forvh d ghdo lq wkh fxuuhqw vlwxdwlrq= wkh ulvn ri
orvv iurp wkh vzlwfk lq vwdwhv wkh iroorzlqj {0shulrg lv uhodwlyho| pruh
lpsruwdqw iru wklv djhqw +vkh lv pruh sdwlhqw/ wkxv vkh fduhv uhodwlyho|
pruh derxw ixwxuh orvvhv,1

Iurp wklv dqdo|vlv/ rqh fdq vhh wkdw zkhq wkh glvfrxqw udwhv gl>hu dprqj
djhqwv/ wkh glvsdulw| lq sd|r> lv hlwkhu dffhqwxdwhg e| wkh yduldelolw| lq wkh
vl}h ri wkh slh/ dv lq wkh 3vpdoo slh4 vwdwh r@ +dv %r@ : do2*Eo� n o2äoå

r@ :
E�*2äå r@,/ ru glvvlsdwhg/ dv lq wkh 3elj slh4 vwdwh rK +dv xvxdoo| E�*2äå rK ÷
%rK ÷ do2*Eo� n o2äoå

rK zkhq ZK@ lv uhodwlyho| vpdoo,1 Sxw lq wkh frqwh{w ri
pdfur0hfrqrplhv/ wkh suhglfwlrq iurp wklv wkhru| zrxog eh wkdw rqh vkrxog
h{shfw pruh glvsdudwh cvxusoxv0vsolwlqj* frqglwlrqv gxulqj uhfhvvlrqv zkhq
edujdlqlqj lv d vxevwdqwldo frpsrqhqw ri wkh wudqvdfwlrq phfkdqlvpv rshu0
dwlqj lq wkh hfrqrp|1; Wkh suhvhqw glvfxvvlrq vkrxog vhuyh dv d suhdpeoh iru
wkh ?uvw h{dpsoh ri wkh qh{w vhfwlrq/ zklfk frqvwlwxwhv d vshfldo fdvh ri wklv
sureohp/ exw hpehgghg lq zkdw lw zrxog wxuq rxw wr eh d pruh frpsuhkhq0
vlyh vhwxs1

6 Dssolfdwlrq= Wkh Vxqvsrwv Fdvh
Edujdlqlqj vlwxdwlrqv duh fkdudfwhulvwlf ri ghfhqwudol}hg h{fkdqjh hfrqrplhv
zkhuh djhqwv jhw elodwhudoo| pdwfkhg wr wudgh1 Vlploduo|/ dv lw zdv vdlg lq
wkh lqwurgxfwlrq/ wklv w|sh ri hfrqrplhv duh qdwxudo hqylurqphqwv iru wkh
vwxg| ri vxqvsrw htxloleuld1 Lq frqvhtxhqfh/ zh ?qg wkdw uhodwlqj wkhvh wzr
skhqrphqd zlwk wkh lqwhqwlrq ri looxvwudwlqj wkh xvh ri wkh qhz frqfhswv
ghyhorshg lq wkh sdshu lv d qdwxudo vwhs1

Lq zkdw iroorzv/ L zloo suhvhqw d sdlu ri h{dpsohv ri prgho hfrqrplhv
zkhuh edujdlqlqj dqg vxqvsrwv duh lpsruwdqw hohphqwv iru wkh dqdo|vlv1 Wkh
irupxod rewdlqhg lq Sursrvlwlrq 4 zloo eh xvhg wr uhsuhvhqw wkh vroxwlrq ri
wkh edujdlqlqj surfhgxuh dqg lwv frqvhtxhqfhv zloo eh glvfxvvhg wr hydoxdwh

;Vhh pruh rq wklv dw wkh hqg ri wkh ?uvw h{dpsoh rq Vhfwlrq 61
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wkh uhohydqfh ri h{solflwo| frqvlghulqj wkh h>hfw ri vxqvsrwv rq wkh edujdlqlqj
rxwfrphv1

Wkh ?uvw dssolfdwlrq lv edvhg rq dq h{whqvlyh olwhudwxuh rq wudgh h{whu0
qdolwlhv ghyhorshg diwhu wkh vhplqdo zrun e| Shwhu Gldprqg rq wkh srvvleoh
pdfurhfrqrplf frqvhtxhqfhv ri Vhdufk Htxloleulxp dqdo|vlv +vhh Gldprqg
+4<;5,/ Krzlww dqg PfDihh +4<;;/ 4<<5, dqg wkh uhihuhqfhv wkhuhlq,1 Wkrvh
prghov w|slfdoo| jhqhudwh pxowlsoh htxloleuld dqg vxqvsrw htxloleuld> krz0
hyhu/ wkh edujdlqlqj surfhvv lv xvxdoo| qrw h{solflwo| prghohg +dowkrxjk lw lv
fohduo| lpsolflw lq wkh dqdo|vlv> vhh Gud}hq/ 4<;;,1< Wkh suhvhqw sdshu/ lq d
zd|/ lqwhqgv wr vwduw ?oolqj lq wklv kroh ri wkh phqwlrqhg olwhudwxuh1

Wkh vhfrqg dssolfdwlrq lv d udqgrp pdwfklqj prqhwdu| hfrqrp| lq wkh
vslulw ri Nl|rwdnl dqg Zuljkw +4<;<,1 Wkh vhfrqg jhqhudwlrq ri wklv w|sh ri
prghov kdyh frqvlghuhg sulfh ghwhuplqdwlrq wkurxjk d edujdlqlqj surfhgxuh
zlwklq hdfk prqhwdu| pdwfk1 Rqh lqwhuhvwlqj uhvxow rxw ri wkrvh sdshuv lv
wkh srvvlelolw| ri pxowlsoh dqg vxqvsrw prqhwdu| htxloleuld +vhh Vkl +4<<8,/
Wuhmrv dqg Zuljkw +4<<8,/ dqg Hqqlv +4<<;,,1 Iroorzlqj wkh dqdo|vlv ri wkh
suhylrxv vhfwlrq/ lw ehfrphv dssduhqw wkdw wr vwxg| vxqvsrw htxloleuld lq
wkhvh prghov lw lv qhfhvvdu| wr wdnh lqwr dffrxqw wkh srwhqwldo h>hfwv ri
h{wulqvlf xqfhuwdlqw| rq wkh edujdlqlqj rxwfrphv1 Wklv lv sxuvxhg lq wkh
vhfrqg sduw ri wklv vhfwlrq1

614 Zdjh Edujdlqlqj dqg Vxqvsrwv

61414 Wkh Prgho

Wkh ?uvw h{dpsoh lq wklv vhfwlrq frqvwlwxwhv d frpsohwh ghvfulswlrq ri dq
hfrqrp| zkhuh d odujh qxpehu ri zrunhuv lqwhudfw zlwk ?upv wr dffrpsolvk
surgxfwlrq dqg h{solflwo| edujdlq ryhu zdjhv1 Rqh ri wkh glvwlqjxlvklqj
fkdudfwhulvwlfv ri wklv hfrqrp| zloo eh wkh suhvhqfh ri wkh wudgh h{whuqdolw|
lqwurgxfhg e| Gldprqg +4<;5,1 Lq idfw/ wkh suhvhqw hfrqrp| lv d vlpsol?hg
yhuvlrq ri wkh rqh lq Krzlww dqg PfDihh +4<;;,/ exw lq zklfk L dqdo|}h h{0
solflwo| wkh edujdlqlqj surfhvv wkdw ghwhuplqhv zdjhv1 Lq wklv hfrqrp|/ wkh
wudgh h{whuqdolw| lv wkh gulylqj irufh iru wkh h{lvwhqfh ri pxowlsoh htxloleuld
surgxfhg e| d w|slfdo frruglqdwlrq idloxuh vlwxdwlrq1 Wklv surshuw| ri wkh

<Pruwhqvhq +4<<<,/ lq d prgho zlwk vlplodu fkdudfwhulvwlfv wkdq wkh rqhv frqvlghuhg
lq wklv sdshu/ xvhv h{solflw Qdvk edujdlqlj zlwk wkh edujdlqlqj srzhu ri djhqwv fkdqj0
lqj wkurxjk wlph iroorzlqj dq h{rjhqrxv uxoh dvvrfldwhg zlwk fhuwdlq lqglfdwruv ri wkh
djjuhjdwh vwdwh ri wkh hfrqrp| +h1j1/ oderu pdunhw wljkwqhvv,1
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hfrqrp| lv zkdw doorzv iru wkh srvvlelolw| wkdw vxqvsrwv d>hfw htxloleulxp
doorfdwlrqv1 Dowkrxjk wkh prgho lv vw|ol}hg/ lw zloo looxvwudwh krz wkh edujdlq0
lqj uxoh rewdlqhg lq Vhfwlrq 5 fdq eh lqwurgxfhg lq d vshfl?f prgho hfrqrp|
dqg ghprqvwudwh vrph ri lwv fuxfldo h>hfwv1

Frqvlghu dq hfrqrp| zlwk d odujh qxpehu ri lghqwlfdo ?upv dqg d odujh
qxpehu ri lghqwlfdo krxvhkrogv1 Wkhuh duh wkuhh wudgdeoh remhfwv= rxwsxw/
krprjhqhrxv oderu vhuylfhv/ dqg prqh| +lw zloo eh d sxuh dffrxqwlqj ghylfh,1
Ilupv* uhfhlswv duh lqvwdqwdqhrxvo| wudqvihuuhg wr wkhlu rzqhuv dqg zrunhuv
dqg pxvw eh xvhg iru sxufkdvlqj rxwsxw iurp rwkhu ?upv gxulqj wkh fxuuhqw
shulrg1 Wkh pdunhw iru rxwsxw lv shuihfwo| frpshwlwlyh/ exw ?upv lqfxu d
wudqvdfwlrq frvw wr rshudwh lq wkh pdunhw1 L zloo frqvlghu dq lfhehuj w|sh
wudqvdfwlrq frvw/ l1h1 lw wdnhv wkh irup ri rxwsxw xvhg xs lq wkh vdohv surfhvv1
Khqfh/ d ?up hpsor|lqj ? xqlwv ri oderu zloo kdyh d qhw uhyhqxh ri

-E?c ?ä ' d�ý jE?äosE?äc +45,

zkhuh sE?ä lv wkh ?up*v surgxfwlrq ixqfwlrq dqg jE?äsE?ä lv wkh wudqvdfwlrq
frvw1 Dvvxph jEîä lv d frqwlqxrxv ghfuhdvlqj ixqfwlrq1 Wkh wudgh h{whuqdolw|
frphv wkurxjk jE?ä/ zklfk ghshqgv xsrq wkh djjuhjdwh hpsor|phqw +shu
?up, ?= wkh kljkhu wkh jhqhudo ohyho ri hpsor|phqw lq wkh hfrqrp|/ wkh hdvlhu
lv wr vhoo jrrgv dqg wkhuhiruh wkh orzhu lv wkh wudqvdfwlrq frvw jE?äsE?ä1

Dw hyhu| prphqw lq wlph/ d ?up fdq srwhqwldoo| jhw pdwfkhg zlwk d
krxvhkrog dffruglqj wr d Srlvvrq surfhvv zlwk duulydo udwh q1 Diwhu wkh pdwfk
lv iruphg/ krxvhkrogv zrun dqg jhw sdlg e| wkh ?up1 Wkh| xvh wkh surfhhgv
wr ex| jrrgv iru frqvxpswlrq1 Dgglwlrqdoo|/ wkh| h{shulhqfh glvxwlolw| iurp
oderu/ ñE?äé

Xqghu wklv vhwxs/ zrunhuv dqg ?upv ghyhors elodwhudo uhodwlrqvklsv zkhq
wkh| jhw pdwfkhg1 Wkh vwdqgdug dssurdfk iru wklv vlwxdwlrq lv wr dvvxph wkdw
wkh| zloo edujdlq ryhu wkh vxusoxv iurp wkh pdwfk1 Ohw % eh wkh sd|phqw
wr wkh zrunhuv iurp wkh qhjrwldwlrqv1 Gh?qh Tð wr eh wkh ydoxh iru djhqw ð
ri ehlqj xqpdwfkhg zdlwlqj iru d srwhqwldo duulydo1 Lw lv qrw kdug wr vkrz
wkdw T�E?ä ' Eq*o�äd-E?c ?ä ý %E?äo dqg T2E?ä ' Eq*o2äd%E?ä ý ñE?äo lq
htxloleulxp 0zkhuh oæ/ æ ' �c 2 duh wkh wlph glvfrxqw udwhv iru ?upv dqg
zrunhuv uhvshfwlyho|/ dqg %E?ä lv wkh htxloleulxp zdjh eloo zkhq djjuhjdwh
hpsor|phqw +shu ?up, lv ?1

Rqh zhoo dffhswhg edujdlqlqj surfhgxuh lv wkh Qdvk edujdlqlqj vroxwlrq1
Wkh suhglfwlrqv ri wklv vroxwlrq frqfhsw duh htxlydohqw wr wkh olplwlqj rxw0
frphv lq wkh dowhuqdwlqj r>huv Uxelqvwhlq jdph +Elqpruh/ 4<;:,1 Wkhq/
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dvvxplqj wkh ?up dqg wkh zrunhu Qdvk edujdlq ryhu oderu ? dqg sd|uroo %
lpsolhv wkdw E?c %ä vroyhv wkh iroorzlqj sureohp/

4@ 
%c?

d-E?c ?äý %n T�E?äowd%ý ñE?ä n T2E?äo�3w

vxemhfw wr %n T2E?ä è ñE?ä dqg % é -E?c ?ä n T�E?ä

Iurp wkh ?uvw rughu frqglwlrqv +dvvxplqj dq lqwhulru vroxwlrq,/

%W ' E�ý wäd-E?Wc ?ä n T�E?äo n wdñE?Wäý T2E?äoc +46,

dqg/

-�E?
Wc ?ä ì E�ý jE?ääs âE?Wä ' ñâE?Wäé +47,

Qrwh wkdw/ dv h{shfwhg/ wkh Qdvk vroxwlrq lv 3h!flhqw4 +jlyhq ?/ ?W pd{lpl}hv
qhw vxusoxv-E?c ?änT�E?äýñE?änT2E?ä ,1 Wkh zhljkw w uhsuhvhqw wkh uhodwlyh
edujdlqlqj srzhu ri ?upv1 Li rqh wklqnv ri Qdvk edujdlqlqj dv d vlpsol?hg
dssur{lpdwlrq wr wkh vroxwlrq ri wkh Uxelqvwhlq jdph/ wkhq w*E�ýwä lv jlyhq
e| wkh udwlr ri zrunhuv* dqg ?upv* glvfrxqw udwhv +o2*o�,1 Frqvlghulqj wkh
qhw sd|r> %ù dqg 5ù c iru zrunhuv dqg ?upv uhvshfwlyho|/ zh vhh wkdw

%Wù ' %W ý ñE?Wä n T2 ' E�ý wäd-E?Wc ?ä n T� ý ñE?Wä n T2o +48,

dqg/

5Wù ' -E?Wc ?ä n T� ý %W ' wd-E?Wc ?ä n T� ý ñE?Wä n T2o( +49,

l1h1/ w ri wkh vxusoxv iurp wkh pdwfk jrhv wr wkh ?up dqg E�ýwä wr wkh zrunhuv1
Li erwk kdyh wkh vdph glvfrxqw idfwruv+l1h1 w ' �*2,/ lw fdq eh vkrzq wkdw
%W ' d-E?Wc ?ä n ñE?Wäo*2 zkhq ? ' ?Wc dqg wkh| vsolw qhw vxusoxv lq kdoi
+vhh Uhvxow 4 lq wkh Ehqfkpdun Fdvh iru d gluhfw dqdorj|,1 Wklv uhvxow zloo
ehfrph lpsruwdqw ixuwkhu dkhdg lq wkh sdshu zkhq zh vwxg| wkh vxqvsrw
htxloleulxp zlwk htxdo glvfrxqw idfwruv1 Ilqdoo|/ qrwh wkdw ?W lv lqghshqghqw
ri wkh vsolwlqj uxoh %W1

Gh?qlwlrq 9 D fhuwdlqw| htxloleulxp iru wklv hfrqrp| lv jlyhq e| iE?c ?Wc %Wäc
ET�c T2äj vxfk wkdw= 4, E?Wc %Wä vdwlvi| +46, dqg +47,> 5, ? ' ?W> 6, T� '
Eq*o�äd-E?c ?äý %Wo dqg T2 ' Eq*o2äd%

W ý ñE?äo1
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Lw vkrxog eh dssduhqw wkdw wkh wudgh h{whuqdolw| fdq jhqhudwh pxowlsoh
htxloleuld lq wklv hfrqrp|1 Lq idfw/ wkh kljkhu wkh djjuhjdwh hpsor|phqw lq
wkh hfrqrp|/ wkh hdvlhu lw ehfrphv wr vhoo wkh surgxfhg jrrgv dqg wkhuhiruh
wkh kljkhu lv wkh pdujlqdo surgxfwlylw| ri oderu1 Wklv lpsolhv kljkhu rswl0
pxp ohyhov ri hpsor|phqw dw wkh ?up ohyho dqg srvvleo| d 3kljk4 hpsor|0
phqw htxloleulxp E?M c ?M c %Mä1 Lqyhuvho|/ iru orz ohyhov ri ?/ wkh pdujlqdo
surgxfwlylw| ri oderu lv orz dqg wklv fdq uhvxow lq d orz dfwxdo hpsor|phqw
htxloleulxp ohyhov ?u +vhh Iljxuh 4,1 Fohduo|/ zkhuh wkh hfrqrp| lv lq dq|
shulrg ghshqgv h{foxvlyho| rq zkhuh wkh djhqwv duh frruglqdwhg wr eh1

61415 Vxqvsrw Htxloleulxp

Dvvxph wkdw wkhuh duh pxowlsoh fhuwdlqw| htxloleuld dqg wkdw h{shfwdwlrqv
ryhu wkh djjuhjdwh hpsor|phqw ohyho lq wkh hfrqrp| iroorz d elyduldwh Srlvvrq
surfhvv zlwk wudqvlwlrqv udwhv iZuM c ZMujé Lq rwkhu zrugv/ wkh djhqwv lq wkh
hfrqrp| frruglqdwh wkhpvhoyhv lq hlwkhu +orz ru kljk hpsor|phqw, fhuwdlqw|
htxloleuld dffruglqj wr d elyduldwh vxqvsrw udqgrp yduldeoh1 Dvvxph dovr
wkdw qr pdwwhu zklfk vwdwh wkh hfrqrp| lv lq/ zkhq d ?up dqg d krxvhkrog
duh pdwfkhg/ wkh| surgxfh1 Krzhyhu/ li rqh frqvlghuv wkh olplwlqj vroxwlrq ri
wkh dowhuqdwlqj r>huv edujdlqlqj surfhvv/ wkh rxwfrph ri wkh qhjrwldwlrqv qrz
gl>huv +lq jhqhudo, iurp wkdw lq d fhuwdlqw| htxloleulxp143 Dw wkh prphqw ri
wkh qhjrwldwlrqv/ djhqwv wdnh lqwr dffrxqw wkdw wkh hfrqrp| pljkw vzlwfk dw
dq| wlph wr wkh rwkhu vwdwh/ d>hfwlqj wkh sd|r>v rewdlqdeoh iurp wkh pdwfk1
Wkhuh lv lq idfw dqrwkhu lpsruwdqw h>hfw ri vxqvsrwv rq wkh htxloleulxp
txdqwlwlhv lq wkh hfrqrp|> wkh ydoxh ri ehlqj xqpdwfkhg zdlwlqj iru dq
duulydo Tð dovr ghshqg rq wkh g|qdplf surshuwlhv ri wkh djjuhjdwh hfrqrp|1
Krzhyhu/ lq wklv sdshu zh vkdoo eh vshfldoo| lqwhuhvwhg lq wkh ?uvw ri wkh
phqwlrqhg h>hfwv144

43Qrwh wkdw li rqh dvvxphvp|rslf ehkdylru e| wkh djhqw lq d pdwfk/ wkhq d ?{ h{rjhqrxv
uxoh iru vsolwlqj wkh vxusoxv rewdlqv1 Wklv lv zkdw lw lv grqh lq pxfk ri wkh suhylrxv
olwhudwxuh +vhh Gud}hq/ 4<;;,1 Xqghu wkdw dvvxpswlrq vxqvsrw htxloleuld ri wklv prgho
frqvwlwxwh qrwklqj pruh wkdq d wulyldo udqgrpl}dwlrq ryhu fhuwdlqw| htxloleuld1 Krzhyhu/
hqgrjhql}lqj wkh vsolwlqj uxoh wkurxjk h{solflw vrsklvwlfdwhg edujdlqlqj +dv lq Vhfwlrq 5,
zloo eh vkrzq wr ghulyh lq qhz srvvleoh revhuydeoh htxloleulxp rxwfrphv1 Vhh Vkhoo +4<;:,
iru d jhqhudo glvfxvvlrq rq wkh lpsruwdqfh ri wklv lvvxh iru wkh vwxg| ri vxqvsrw htxloleulxp1

44Wkh ydoxh ixqfwlrqv iru ?upv dqg krxvhkrogv zkhq vxqvsrwv pdwwhu duh jlyhq e| wkh
v|vwhp
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Ohw vxshuvfulsw r ghqrwh txdqwlwlhv rq wkh vxqvsrw htxloleulxp1 Fohduo|/
surgxfwlrq h!flhqf| vwloo rewdlqv1 Wkhuhiruh/ ?ru dqg ?rM vroyh yhuvlrqv ri
+47,145 Xvlqj wkh jhqhudo sursrvlwlrq iurp Vhfwlrq 5 ri wkh sdshu rqh fdq
ghwhuplqh wkh sd|uroo %r lq hdfk vwdwh1 Wkh yhuvlrq ri htxdwlrq +8, lq wkh
fxuuhqw vhwxs lv/
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zkhuh ðc æ ' ucM ( ð 9' æ dqg ?rð vroyhv -�E?rð c ?rð ä ' ñâE?rð ä +h!flhqw edujdlq0
lqj,1 Ohw w ' o2*Eo�n o2ä1 Wkh htxdwlrqv ghwhuplqlqj wkh htxloleulxp ydoxhv
ri %rð duh
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iru ðc æ ' ucM ( ð 9' æ/ x ' dZðæE�ý 2wäo*do� n o2 n 2EZðæ n Zðæäoé
Wkhvh htxdwlrqv vkrxog eh frpsduhg zlwk wkrvh lq +46,1 Qrwh wkdw zkhq

wkh glvfrxqw udwhv ri ?upv dqg zrunhuv duh wkh vdph wkh edujdlqlqj srzhu
lqgh{ w ' �*2/ x ' f dqg wkh wklug whup lq wkh vxp glvdsshduv1 Ixuwkhu
fdofxodwlrqv vkrzv wkdw %rð ' d-E?rð c ?

r
ð ä n ñE?

r
ð äo*2/ dqg wkh vroxwlrq lv clp0

pxqh* wr wkh h{lvwhqfh ri vxqvsrwv +erwk h>hfwv gxh wr vxqvsrwv/ wkh fkdqjh
rq wkh ydoxh ixqfwlrqv dqg wkh fkdqjh lq wkh edujdlqlqj uxoh/ zdvk rxw zkhq
o� ' o2,1 Lq dq| rwkhu fdvh/ wkh h{lvwhqfh ri vxqvsrw  xfwxdwlrqv d>hfwv wkh
vsolwlqj uxoh iurp edujdlqlqj1 Dv zdv vdlg ehiruh/ wkh qhw h>hfw lv wkh uhvxow
ri wkh lqwhudfwlrq ri wzr fkdqqhov wkurxjk zklfk vxqvsrwv lq xhqfh wkh vwdwh

Y5l @
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zkhuh l> m @ O>K> l 9@ m=
45Lw fdq hdvlo| eh vkrzq wkdw wkh htxloleulxp sd|r> iru erwk wkh ?up dqg wkh zrunhuv

lv lqfuhdvlqj lq qhw vxusoxv U+q> q,ýy+q,1 Wkhuhiruh/ wkh sduwqhuv lq wkh pdwfk zloo djuhh
wr pd{lpl}h wkdw vxusoxv dqg surgxfwlrq h!flhqf| zloo rewdlq1
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ri wkh pdwfk1 Rq rqh kdqg/ wkh ydoxh ixqfwlrqv duh gl>huhqw dffruglqj wr
wkh h{shfwhg g|qdplfv ri wkh ryhudoo pdfur hfrqrp|1 Rq wkh rwkhu kdqg/
dqg prvw lpsruwdqw wr wklv sdshu/ lv wkh h>hfw ri vxqvsrwv ryhu wkh surfhvv
ri qhjrwldwlrqv146 Wklv lv uhsuhvhqwhg e| wkh odvw whup lq h{suhvvlrq +4;,1
Lq sduwlfxodu/ li o2 ÷ o�/ l1h1 li zrunhuv duh pruh lpsdwlhqw wkdq pdqdjhuv
dqg li wkh wrwdo vxusoxv iurp wkh pdwfk lv eljjhu lq wkh kljk hpsor|phqw
htxloleulxp vlwxdwlrq M/ wkhq %ru whqgv wr eh orzhu lq htxloleulxp1 Wkh pruh
sdwlhqw vlgh lq wkh qhjrwldwlrq lv pruh zloolqj wr ghod| gxulqj edg wlphv dqg
wklv lqfuhdvhv lwv edujdlqlqj srzhu1 Rqh frxog vd| wkdw wkh wkhru| suhvhqwhg
khuh suhglfwv d whqghqf| wr orzhu sd|uroov dv d sursruwlrq ri wrwdo uhyhqxh
gxulqj d voxps +hvshfldoo| zkhq wkhuh h{lvwv d shufhswlrq dprqj djhqwv wkdw
wkh hfrqrp| zrxog/ zlwk frqvlghudeoh suredelolw|/ uhfryhu iurp wkh fxuuhqw
ghsuhvvlrq,1 Vlploduo|/ %rM whqgv wr eh kljkhu1 Gxulqj jrrg wlphv/ ?up glv0
frxqw ohvv ixwxuh orvvhv dqg wkh| duh hdjhu wr forvh d ghdo ehiruh wkh hfrqrp|
vzlwfkhv wr wkh edg vwdwh/ vdful?flqj lq wklv zd| vrph ri wkhlu edujdlqlqj
srzhu1 Qrwh ?qdoo| wkdw wklv wzr lpsolfdwlrqv +orzhu %ru dqg kljkhu %rM,
whqg wr lqfuhdvh wkh yduldqfh ri zrunhuv sd|r> xqghu wkh h>hfw ri vxqvsrwv1
Wkh zdjh eloo lv d orzhu sursruwlrq ri d orz vxusoxv gxulqj edg wlphv dqg
d kljkhu sursruwlrq ri d kljk vxusoxv gxulqj jrrg wlphv1 Krzhyhu/ rxu vlp0
sol?hg vwuxfwxuh lpsolhv wkdw zrunhuv duh ulvn qhxwudo lq lqfrph dqg khqfh/
wkdw wklv h{wud yduldelolw| grhv qrw ghulyh lqwr dgglwlrqdo zhoiduh orvhv iru wkh
krxvhkrog1

615 Prqhwdu| Htxloleulxp/ Edujdlqlqj dqg Vxqvsrwv

Wkh odvw h{dpsoh suhvhqwhg lq wklv vhfwlrq frqvlvwv ri d udqgrp pdwfklqj
hfrqrp| zlwk prqh| ã od Nl|rwdnl dqg Zuljkw +4<<4,1 Lq idfw/ wkh suhvhqw
h{dpsoh vkrxog eh uhjdughg dv dq h{whqvlrq ri Wuhmrv dqg Zuljkw +4<<8,
dqdo|vlv wr wkh fdvh ri vxqvsrw htxloleulxp1 Dowkrxjk Vkl +4<<8, douhdg|
suryhg +xvlqj dujxphqwv ri frqwlqxlw|, wkh h{lvwhqfh ri vxqvsrw htxloleuld lq
wklv prgho/ wkhlu dfwxdo fkdudfwhulvwlfv duh vrphzkdw xqh{soruhg +vhh Hqqlv
+4<<;, iru d fkdudfwhul}dwlrq ri vrph ri wkh Vwhdg| Vwdwh surshuwlhv ri wkhvh
vxqvsrw htxloleuld,1 Wklv h{dpsoh vkrzv krz htxdwlrq +8, fdq khos xv xqghu0
vwdqg vrph ri wkh h>hfwv wkdw h{fhvv yrodwlolw| pd| kdyh lq wkh ixqfwlrqlqj

46Lw lv zruwk qrwlqj wkdw li rqh lqfoxghv d ulvn ri euhdngrzq lq wkh edujdlqlqj duudqjh0
phqw/ l1h1 d wkuhdw srlqw htxdo wr wkh ydoxh ri ehlqj xqpdwfkhg zdlwlqj iru dq duulydo/
wkhq wkh ydoxh ixqfwlrqv gursshg rxw ri wkh irupxod iru { dqg rqo| wklv h>hfw ri vxqvsrwv
ryhu wkh surfhvv ri qhjrwldwlrqv uhpdlqv1
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ri wklv w|sh ri prqhwdu| hfrqrp|1
Wkh prgho iroorzv forvho| wkdw lq Wuhmrv dqg Zuljkw +4<<8, +vhh dovr Vkl

+4<<8, dqg Hqqlv +4<<;,,147 Wlph lv frqwlqxrxv1 D xqlw phdvxuh ri lq?qlwho|0
olyhg djhqwv jhw pdwfkhg hyhu| shulrg dffruglqj wr d Srlvvrq surfhvv1 Wkhuh
lv vshfldol}dwlrq lq surgxfwlrq dqg frqvxpswlrq +qr djhqw frqvxphv zkdw
vkh surgxfhv,1 Zlwk suredelolw| +/ d grxeoh frlqflghqfh ri zdqwv wdnhv sodfh
ehwzhhq wzr pdwfkhg djhqwv1 Djhqwv ghulyh xwlolw| üE^ä iurp frqvxpswlrq
dqg glvxwlolw| SE^ä iurp surgxflqj1 Prqh| lv lqglylvleoh dqg djhqwv kdyh
hlwkhu f ru � xqlw ri lw dw hyhu| srlqw lq wlph1 Jrrgv duh qrq0vwrudeoh dqg
glylvleoh1 Diwhu surgxfwlrq/ djhqwv kdyh wr frqvxph wr eh deoh wr surgxfh
djdlq1 Ohw � 5 Efc �ä eh wkh phdvxuh ri djhqwv kroglqj rqh xqlw ri prqh|
dw wkh lqlwldo wlph1 Wkhvh dvvxpswlrqv lpso| wkh lqyduldqfh ri wkh glvwulex0
wlrq ri prqh| kroglqjv= dw hyhu| prphqw lq wlph wkhuh lv d iudfwlrq � ri
djhqwv kroglqj prqh| dqg d iudfwlrq E� ý�ä ri djhqwv zlwk d surgxfwlrq
rssruwxqlw|1

Wkhuh duh wzr fodvvhv ri pdwfkhv wkdw ruljlqdwh wudgh= d prqhwdu| pdwfk
dqg d eduwhu pdwfk1 Lq d prqhwdu| pdwfk/ dq djhqw zlwk rqh xqlw ri prqh|
phhwv dq djhqw zlwk dq rssruwxqlw| wr surgxfh wkh jrrg wkdw wkh iruphu
zdqwv1 Wkh| wkhq ghflgh krz pxfk ri wkh jrrg zloo eh h{fkdqjhg iru wkh
xqlw ri prqh| wkurxjk d edujdlqlqj surfhgxuh1 Lq d eduwhu pdwfk qrqh ri wkh
djhqwv kdv prqh| exw wkhuh lv d grxeoh frlqflghqfh ri zdqwv +rqh djhqw zdqwv
zkdw wkh rwkhu fdq surgxfh dqg ylfh yhuvd,1 Lq wklv fdvh/ wudghg txdqwlwlhv
duh dovr ghwhuplqhg wkurxjk edujdlqlqj1

Dvvxph wkdw üEfä ' fc üâE^ä : f dqg üââE^ä ÷ f iru doo ^ è f dqg wkdw
SEfä ' fc SâE^ä : f dqg SââE^ä è f iru ^ è f +zlwkrxw orvv ri jhqhudolw|/ L zloo
dvvxph SE^ä ' ^ zkhq frqyhqlhqw,1 Dovr dvvxph wkhuh lv d ê: f vxfk wkdw
üEêä ' SEêä1

Ohw Tf eh wkh ydoxh ri ehlqj d surgxfhu +sulru wr d pdwfk, dqg T� wkh ydoxh
ri kroglqj prqh| +dovr sulru wr d pdwfk,1 Lq d vwhdg|0vwdwh +qrq0vxqvsrwv,
prqhwdu| htxloleulxp zlwk ^ é êc +Tf/ T�ä zloo vdwlvi|

oTJ ' ln� ET� ý Tf ý SE'ää +4<,

dqg

oT� ' E�ý�ä düE'ä n Tf ý T�oc +53,

47Iru d jrrg glvfxvvlrq ri wkh jhqhudo dvvxpswlrqv xqghuo|lqj wkh vwuxfwxuh ri wkh
hfrqrp|/ vhh Zdoodfh +4<<:,1

49



zkhuh l ' E�ý�ä + düE^WäýSE^Wäo lv wkh eduwhu sd|r> +üâE^Wä ' SâE^Wä,1 Qrwh
wkdw iurp wkhvh wzr htxdwlrqv rqh fdq vroyh iru ET�c T2ä dv ixqfwlrqv ri '/
wkh txdqwlw| ri jrrgv iru zklfk d xqlw ri prqh| lv h{fkdqjhg lq htxloleulxp1

Zkhq rqh wdnhv wkh Qdvk vroxwlrq dv wkh edujdlqlqj uxoh iru erwk w|shv
ri pdwfkhv/ lw lv zhoo nqrzq +vhh Vkl +4<<8, dqg Wuhmrv dqg Zuljkw +4<<8,,
wkdw wklv prgho suhvhqwv wzr dowhuqdwlyh prqhwdu| htxloleuld/ d kljk sulfh
+�*',, frqvwudlqhg htxloleulxp dqg d orz sulfh xqfrqvwudlqhg htxloleulxp148

Lq wklv sdshu/ krzhyhu/ L dp lqwhuhvwhg lq vwxg|lqj vxqvsrw htxloleuld dqg
wkh lpsohphqwdwlrq ri wkh edujdlqlqj uxoh lqwurgxfhg lq Vhfwlrq 51 Vkl +4<<8,
vkrzhg wkh h{lvwhqfh ri vxqvsrw htxloleuld lq wklv w|sh ri hfrqrp| iroorzlqj
lghdv ?uvw ghyhorshg lq Zuljkw +4<<7,1 Dvvxph wkh hfrqrp| vzlwfkhv iurp
wkh kljk wr wkh orz sulfh vwdwh/ dqg edfn/ iroorzlqj d Srlvvrq surfhvv zlwk
wudqvlwlrq udwhv iZrrâc Zrârj/ zkhuh r +râ, lqglfdwhv wkdw wkh hfrqrp| lv lq wkh
orz +kljk, sulfh vwdwh1

Lq sulqflsoh/ iru d vxqvsrw htxloleulxp/ wkh ydoxh ri ehlqj d vhoohu ru ri
ehlqj d ex|hu zloo ghshqg rq wkh fxuuhqw vwdwh ri wkh hfrqrp|1 Khqfh/ rqh
fdq vkrz wkdw wkh ydoxh ixqfwlrqv duh qrz jlyhq e|

oT &J ' l& n�ET &� ý T &J ý SE'&ää n Z&ûET ûJ ý T &J äc +57,

oT &� ' E�ý�ä düE'&ä n T &f ý T &� o n Z&ûET û� ý T &� äc +58,

iru &c û ' rc râ/ & 9' û/ dqg zkhuh l& frphv iurp wkh sd|r> lq d eduwhu pdwfk
lq vwdwh &1 Djdlq qrwh wkdw wkhvh ydoxh ixqfwlrqv duh lq idfw ixqfwlrqv ri
E'rc 'r

â
äc wkh lqyhuvh ri wkh vwdwh frqwlqjhqw htxloleulxp sulfh ohyho ri wkh

djjuhjdwh hfrqrp| +rxwvlgh wkh vshfl?f pdwfk,1
Zkhq djhqwv phhw lq d pxwxdoo| ehqh?fldo pdwfk +hlwkhu eduwhu ru prq0

hwdu|,/ wkh| zloo edujdlq ryhu surgxfwlrq1 Dv h{sodlqhg lq Vhfwlrq 5/ wkhvh

48Wkh Qdvk edujdlqlqj sureohp lq d prqhwdu| pdwfk lv

pd{^Y3+T, . x+t,`^Y4+T,ý f+t,` +54,

vxemhfw wr

Y4+T,ý f+t, è Y3+T, +55,

Y3+T, . x+t, è Y4+T, +56,

zkhuh T lv wkh txdqwlw| h{fkdqjhg lq prqhwdu| wudghv wkdw suhgrplqdwhv lq wkh djjuhjdwh
hfrqrp|/ dqg t lv wkh txdqwlw| wr eh h{fkdqjhg lq wklv sduwlfxodu pdwfk1 Uhvwulfwlrqv +55,
dqg +56, duh lqglylgxdo udwlrqdolw| frqvwudlqwv iru vhoohuv dqg ex|huv/ uhvshfwlyho|1 Lq wkh
kljk sulfh frqvwudlqhg htxloleulxp/ uhvwulfwlrq +55, lv elqglqj1
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qhjrwldwlrqv zloo eh lq xhqfhg e| wkh idfw wkdw djhqwv nqrz wkdw wkh hfrq0
rp| lv vzlwfklqj vwdwhv ryhu wlph dqg wkdw wkh fxuuhqw vwdwh lv suredeo| rqo|
whpsrudu|1

Frqvlghu ?uvw d eduwhu pdwfk1 Gh?qh

a rð ' T
r
f ý T r

â
f n üE^rð äý üE^r

â
ð äý ESE^ræäý SE^r

â
æ ääc +59,

iru ðc æ ' �c 2( ð 9' æ dqg ^ð dv wkh txdqwlw| djhqw ð dftxluhv iurp wkh pdwfk1
Lq wklv fdvh/ htxdwlrq +8, lq vwdwh r wdnhv wkh irup
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+5:,

iru ðc æ ' �c 2( ð 9' æé D vlplodu sdlu ri htxdwlrqv ghwhuplqh wkh txdqwlwlhv
wudghg lq d eduwhu pdwfk zkhq wkh vwdwh ri wkh hfrqrp| lv râ1

Fodlp : Iru vpdoo hqrxjk wudqvlwlrq udwhv dZrrâc Zrâro/ eduwhu txdqwlwlhv wudghg
duh lqghshqghqw ri vxqvsrwv1

Surri1 Vhh Dsshqgl{ 915149

Iurp wkh deryh Fodlp rqh fdq frqfoxgh wkdw lr ' lr
â
' E� ý �ä +

düE^Wäý SE^Wäoc dv lq wkh qrqvxqvsrwv htxloleuld1
Iru wkh prqhwdu| pdwfk/ djhqwv edujdlq rqo| ryhu wkh txdqwlw| ri wkh

jrrg wkdw zloo eh fkdqjhg iru wkh lqglylvleoh xqlw ri prqh| lq wkh wudgh
duudqjhphqw1 Wkhq/ htxdwlrq +8, lq wklv fdvh wdnhv wkh irup
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&c , ' rc râ( & 9' ,é Wkhuhiruh/ wkh uhvxowv ri wkh edujdlqlqj surfhgxuh zloo eh
jlyhq e| wkh vroxwlrq wr +5;, vxemhfw wr T &� ýSE^&ä è T &f dqg T &f nüE^

&ä è T &� /
& ' rc râ1 Lw fdq eh hdvlo| vkrzq wkdw wkh odwwhu frqvwudlqw lv elqglqj rqo|

49Dw wkh lqwxlwlyh ohyho/ wklv wxuqv rxw wr eh d qdwxudo uhvxow1 Hyhq zkhq vxqvsrwv
pdwwhu/ li wzr djhqwv phhw zlwk d grxeoh frlqflghqfh ri zdqwv/ wkh| frqvwlwxwh lghqwlfdo
vlghv lq d qhjrwldwlrq surfhvv dqg rqh zrxog h{shfw wkhp wr rewdlq lghqwlfdo sd|r>1
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zkhq wkh iruphu lv1 Vr/ lq rughu wr wudfn d vroxwlrq wr wkh edujdlqlqj sureohp
rqo| wkh vhoohuv* frqvwudlqw +wkh djhqw zlwk wkh surgxfwlrq rssruwxqlw|, lv
uhohydqw1 Ilqdoo|/ qrwh wkdw d yhuvlrq ri +:, krogv lq wkh frqvwudlqhg vlwxdwlrq
+vhh wkh wklug Uhpdun dw wkh hqg ri Vhfwlrq 5,1
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â
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æ c æ ' fc � +wkhvh duh ixqfwlrqv ri wkh
htxloleulxp sulfh ohyhov E'rc 'r

â
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xSE'äoüâE'äýdxüE'äý�Eon�ý�äSE'äoSâE'ä zlwk x ' oE�noän�E�ý�ä1
Frqvlghu wkh iroorzlqj v|vwhp ri htxdwlrqv +d uhirupxodwlrq ri wkh htxlole0
ulxp yhuvlrqv iru +5;,,/
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zlwk &c , ' rc râ( & 9' ,éZkhq wkhuh duh qr vxqvsrwv dqg qr eduwhu srvvlelolwlhv
El ' fä wkh htxloleulxp ydoxhv ri ' duh jlyhq e| vroxwlrqv wr A E e'ä ' f
+wkhuh lv d xqltxh prqhwdu| htxloleulxp lq wklv fdvh/ vhh Vkl +4<<8, dqg
Wuhmrv dqg Zuljkw +4<<8,,1 Lq wkh fdvh zlwk eduwhu El : fä dqg qr vxqvsrwv/
wkhuh duh wzr prqhwdu| htxloleuld/ rqh orz sulfh xqfrqvwudlqhg htxloleulxp
wkdw vroyhv A W& E'c'ä ' f/ dqg d kljk sulfh frqvwudlqhg htxloleulxp wkdw
vdwlv?hv wkh vhoohu*v udwlrqdolw| frqvwudlqw zlwk htxdolw|1 Fohduo|/ iru ydoxhv ri
iZrrâc Zrârj vpdoo hqrxjk/ d vxqvsrw htxloleulxp fdq h{lvw vzlwfklqj iurp wkh
frqvwudlqhg wr wkh xqfrqvwudlqhg htxloleulxp +wklv lv hvvhqwldoo| wkh uhvxow ri
wkh h{lvwhqfh surri lq Vkl +4<<8,,1 Zkhq djhqwv dfw p|rslfdoo| gxulqj wkh
edujdlqlqj surfhvv +wkh wudglwlrqdo Qdvk vroxwlrq dssolhv,/ wkh odvw whup lq
wkh UKV ri htxdwlrq +5<, glvdsshduv dqg wkh uhvw ri wkh dqdo|vlv surfhhgv lq
wkh vdph pdqqhu1 Lq jhqhudo/ rqh zrxog olnh wr lghqwli| lq wklv odvw whup wkh
vdph w|sh ri h>hfw wkdw zh revhuyhg lq wkh wzr suhylrxv h{dpsohv zkhq wkh
cvrsklvwlfdwhg* irupxodh +8, zhuh xvhg wr rewdlq wkh edujdlqlqj rxwfrphv1 Lq
wklv prgho/ rqh vkrxog h{shfw wkdw lq wkh orz sulfh vwdwh r/ wkh djhqw kroglqj
d xqlw ri prqh| lq wkh pdwfk zloo eh hdjhu wr forvh wkh ghdo1 Wkhuhiruh/
vkh zrxog jhw uhodwlyho| orzhu txdqwlwlhv lq htxloleulxp +uhodwlyho| vpdoohu 'r

wkdq zkhq xvlqj wkh p|rslf uxoh,1 Wkhvh zrxog uhtxluh wkh odvw whup lq +5<,
wr eh qhjdwlyh1 Dowkrxjk wklv fdqqrw eh vkrzq lq jhqhudo/ 'r ehlqj forvh
hqrxjk wr ^W zloo jxdudqw| wkh uhvxow14: Lq wkh iroorzlqj h{dpsoh/ zh suhvhqw

4:Wkh ex|hu ihdu wkdw zlwk fhuwdlq suredelolw| wkh hfrqrp| zloo vzlwfk wr wkh orz txdq0
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d vlwxdwlrq zkhuh cvrsklvwlfdwhg* edujdlqlqj grhv orzhu wkh ydoxh ri prqh|
lq wkh orz sulfh vwdwh +dv lw zrxog eh h{shfwhg,1

H{dpsoh ; Ohw üE'ä ' 2'
�
2 c � ' �

2
c + ' fé2 dqg/ o ' féf�é Dovr ohw Zrrâ '

Zrâr ' féfDé Qrwh wkdw ^W ' � dqg/ wkhuhiruh/ l ' fé�é Lq wklv hfrqrp|/ wkhuh
h{lvw wzr qrqvxqvsrw prqhwdu| htxloleuld/ zlwk wkh htxloleulxp txdqwlwlhv iru
wkh prqhwdu| pdwfkhv jlyhq e| ', ' féf���.2 lq wkh frqvwudlqhg htxloleulxp
dqg 'û ' fébfD� lq wkh xqfrqvwudlqhg rqh1 Qrwh wkdw erwk txdqwlwlhv duh
h{0srvw Sduhwr lqh!flhqw ehfdxvh ^Wf ' @h}4@ ' TJE'c'ä ' fébS��é4; Wkhuh
lv dovr d vxqvsrw htxloleulxp zlwk
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qhjdwlyh/ dv frqmhfwxuhg ehiruh1 Wkh txdqwlwlhv iru wkh vxqvsrw htxloleulxp
zlwk p|rslf edujdlqlqj duh

í h'rc h'râì ' EféHDH2c féff�.e2ä c zklfk uh hfwv
wkh idfw wkdw wkh ex|hu rewdlqv orzhu txdqwlwlhv lq vwdwh r li vkh uhfrjql}hv wkh
srvvlelolw| wkdw wkh vxqvsrw vwdwh pljkw fkdqjh zkloh vkh lv douhdg| hqjdjhg
lq wkh edujdlqlqj surfhvv1

Dv d ?qdo frpphqw/ qrwh wkdw wkh qdwxuh ri wkh v|vwhp jlyhq e| htxdwlrqv
+5<, rshqv xs wkh srvvlelolw| iru rwkhu vxqvsrw htxloleuld14<

wlw| vwdwh v3/ orzhulqj wkh ydoxh ri prqh| dqg fdxvlqj khu d fdslwdo orvv1 Wklv suhvv iru wkh
txdqwlwlhv wudghg wr jr grzq1 Krzhyhu/ xqghu fhuwdlq frqglwlrqv/ wkh vhoohu dovr h{shulhqfh
d qhw orvv iurp d vzlwfk wr vwdwh v3/ ehfdxvh wr jhw dq| srvlwlyh sd|r> vkh kdv wr ehfrph
d ex|hu/ dqg zkhq wkh hfrqrp| vzlwfkhv wr wkh orz txdqwlw| vwdwh/ wklv srwhqwldo ixwxuh
sd|r> dovr uhgxfhv1 Krzhyhu/ qrwh wkdw wklv w|sh ri orvv lv vx>huhg e| erwk vhoohuv dqg
ex|huv/ dqg wkhq lw lv wkhlu uhodwlyh zhljkw/ jlyhq e| wkh ydoxhv ri x3+Tv, dqg f3+Tv,> zkdw
ghwhuplqhv wkh h>hfw ryhu txdqwlwlhv1

4;Iru wkh lpsolfdwlrqv ri wklv vhh Hqqlv +4<<;,1
4<Shukdsv wklv srwhqwldoo| kljko| qrqolqhdu v|vwhp lq wkh vsdfh +Tv> Tv

3
, kdv/ iru h{dp0

soh/ wkuhh vroxwlrqv +lw lv uh h{lyh wr wkh 78r olqh, lq wkh duhd iru xqfrqvwudlqhg txdqwlwlhv1
Wkhq rqh fdq frqvwuxfw d vxqvsrw htxloleulxp zlwk wzr ri wkh xqfrqvwudlqhg txdqwlwlhv1
Wkrxjk wklv lv |hw wr eh vwxglhg/ wkh h{dpsoh mxvw glvfxvvhg vkrzv wkdw iru wklv wr kdsshq
wkh xwlolw| dqg frvw ixqfwlrqv kdyh wr kdyh fhuwdlq vshfl?f qrqolqhudulw| surshuwlhv +qrw
suhvhqw lq wkdw h{dpsoh,1
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7 Frqfoxvlrq
L ghyhors khuh d irupxod iru wkh olplwlqj vroxwlrq wr wkh dowhuqdwlqj0r>huv edu0
jdlqlqj jdph +dv wkh wlph lqwhuydo ehwzhhq r>huv jrhv wr }hur, lq dq hfrqrp|
vxemhfw wr d vshfl?f w|sh ri vwrfkdvwlf g|qdplfv1 Wkh djjuhjdwh vwdwh ydul0
deoh iroorzv d Srlvvrq surfhvv gh?qhg ryhu d ?qlwh vhw ri srvvleoh ydoxhv1 Wkh
irupxod lv uhodwlyho| vlpsoh dqg lqwxlwlyh1 Dowkrxjk wklv 3vrsklvwlfdwhg4 vr0
oxwlrq kdv vwurqj vlplodulwlhv zlwk wkh wudglwlrqdo Qdvk edujdlqlqj/ wkhuh duh
lpsruwdqw gl>huhqfhv1 Pdlqo|/ zh kdyh wkdw dv djhqwv dqwlflsdwh wkh vzlwfk
ri vwdwhv/ wkh| prgli| wkhlu uhvhuydwlrq ydoxhv iru wkh forvxuh ri d ghdo gxulqj
qhjrwldwlrq1 Wklv lq wxuq dowhuv wkh ?qdo rxwfrph iurp wkh jdph1

Wr vxjjhvw wkh eurdg dssolfdelolw| ri wkhvh uhvxowv/ L suhvhqw d vhw ri h{0
dpsohv ri hfrqrplhv iru zklfk wklv edujdlqlqj uxoh dssolhv1 Lq sduwlfxodu/ d
juhdw ghdo ri h>ruw lv ghglfdwhg wr ghprqvwudwh wkh lpsolfdwlrqv ri wklv qryho
vroxwlrq frqfhsw lq ghfhqwudol}hg h{fkdqjh hfrqrplhv lq zklfk djjuhjdwh ydul0
deohv duh qrw vwlfn| lq wkdw wkh| fdq mxps zkloh vxqvsrwv uhdol}dwlrqv vhuyh
wr frruglqdwh djhqwv dprqj srvvleoh htxloleulxp rxwfrphv1 Lw lv fohdu iurp
wkh h{srvlwlrq wkdw vxqvsrw htxloleulxp lv rqo| rqh ri wkh pdq| srvvleoh ds0
solfdwlrqv ri wklv +vrsklvwlfdwhg, edujdlqlqj vroxwlrq frqfhsw1 Lq idfw/ vkrfnv
wr ixqgdphqwdov wkdw iroorz wkh vshfl?hg vwrfkdvwlf g|qdplfv fdq eh kdq0
goh 0zlwk d voljkw prgl?fdwlrq lq rxu irupxod0 wr ghwhuplqh wkh htxloleulxp
edujdlqlqj rxwfrphv1

Dv d ?uvw h{dpsoh ri krz lpsruwdqw wkh qhz edujdlqlqj vroxwlrq pd| eh
zh suhvhqw d ehqfkpdun fdvh/ wkh wudglwlrqdo cvsolwwlqj0wkh0fdnh* sureohp1 Lq
wkdw fdvh/ zkhq wkh vl}h ri wkh fdnh lv uhodwlyho| vpdoo dqg wkhuh lv d jlyhq
suredelolw| wkdw lw zloo jhw odujhu lq wkh qhdu ixwxuh/ wkh lpsdwlhqw djhqw jhwv
d vpdoohu vkduh iurp qhjrwldwlrqv1 Wklv h{dpsoh lv sulpdulo| sduwldo htxlole0
ulxp dqg wkh xqfhuwdlqw| ryhu wkh vl}h ri wkh fdnh lv h{rjhqrxvo| dvvxphg
+dqg lq d zd|/ sxuho| lqwulqvlf,1

Lq wkh wklug vhfwlrq ri wkh sdshu zh suhvhqw d sdlu ri ixoo| vshfl?hg
hfrqrplhv zkhuh djhqwv jhw pdwfkhg dqg edujdlq ryhu vsolwwlqj d vxusoxv
wkdw wkh| mrlqwo| jhqhudwh1 Iru wkh ?uvw dssolfdwlrq/ L lqwurgxfhg d frpsohwh
hfrqrp| zlwk elodwhudo surgxfwlrq pdwfklqj dqg zdjh edujdlqlqj1 Lq wklv
hfrqrp|/ d wudgh h{whuqdolw| jhqhudwhv wkh srvvlelolw| ri vxqvsrw htxloleuld
gxh wr d frruglqdwlrq idloxuh1 Rqh ri wkh pdlq lghdv looxvwudwhg e| wklv ds0
solfdwlrq lv wkdw wkh h>hfw ri vxqvsrwv ryhu edujdlqlqj vwurqjo| ghshqgv rq
wkh djhqwv* uhodwlyh srvlwlrqv lq wkh pdwfk1 Li erwk djhqwv duh v|pphwulf
lq rwkhu zd|v/ wkhq gl>huhqfhv lq glvfrxqw idfwruv sod| d yhu| lpsruwdqw
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uroh1 Lq sduwlfxodu/ zkhq wkh glvfrxqw udwhv duh wkh vdph +vr wkdw djhqwv
kdyh htxlydohqw edujdlqlqj srzhu,/ wkh edujdlqlqj rxwfrphv duh lppxqh wr
vxqvsrwv dqg wkh vxqvsrw htxloleuld duh wulyldo udqgrpl}dwlrqv ryhu fhuwdlqw|
htxloleuld1 Krzhyhu/ zkhq wkh glvfrxqw udwhv gl>hu/ vlplodu frqfoxvlrqv wr
wkrvh lq wkh cvsolwlqj0wkh0fdnh* sureohp duh uhdfkhg1 Iru h{dpsoh/ li zrunhuv
duh pruh lpsdwlhqw wkdq hqwuhsuhqhxuv/ rqh suhglfwv wkdw orzhu zdjh eloov
dv d sursruwlrq ri lqfrph rewdlq gxulqj voxpsv lq dqwlflsdwlrq ri vxqvsrw
g|qdplfv1

Zkhq djhqwv kdyh dv|pphwulf srvlwlrqv lq wkh edujdlqlqj pdwfk/ wkh
lpsolfdwlrqv ri wkh wkhru| duh ohvv dssduhqw/ exw vwloo frqvhtxhqwldo1 Wkh
vhfrqg dssolfdwlrq lq wkh sdshu lv dq dwwhpsw wr kdqgoh rqh ri wkhvh fdvhv1
Lw frqvlvwv ri d prqhwdu| udqgrp pdwfklqj hfrqrp| zlwk edujdlqlqj dqg
vxqvsrwv1 Wkh edujdlqlqj vroxwlrq phwkrg sursrvhg lq wkh sdshu lv dssolhg
wr wklv h{dpsoh lq dq h>ruw wr vkhg qhz oljkw rq wkh srvvleoh h>hfwv xsrq
vwdwh sulfhv ri wkh h{lvwhqfh ri vxqvsrw  xfwxdwlrqv1 Wzr w|shv ri pdwfkhv
qhhg frqvlghudwlrq lq wklv fdvh/ eduwhu pdwfkhv +grxeoh0frlqflghqfh ri zdqwv
dqg qr prqh|, dqg prqhwdu| pdwfkhv +vlqjoh frlqflghqfh ri zdqwv zlwk
rqh vlghg prqh|,1 Djdlq/ wkh sod|huv* uhodwlyh srvlwlrq iru qhjrwldwlrq lv
ghwhuplqdqw1 Lw lv vkrzq wkdw lq wkh eduwhu pdwfk/ zkhuh djhqwv kdyh yhu|
v|pphwulf srvlwlrqv/ vxqvsrwv gr qrw dowhu wkh edujdlqlqj vroxwlrq1 Krzhyhu/
lq prqhwdu| pdwfkhv djhqwv duh ixqgdphqwdoo| gl>huhqw +rqh lv d vhoohu dqg
wkh rwkhu lv d ex|hu,/ dqg wklv vlwxdwlrq/ wkh ydoxh ri prqh| lq wkh orz0
sulfh htxloleulxp rxwfrph lv uhgxfhg e| wkh frqvlghudwlrq ri cvrsklvwlfdwhg*
iruzdug0orrnlqj edujdlqhuv +gxh wr srwhqwldo fdslwdo orvvhv dvvrfldwhg zlwk
ghod|v,1

8 Uhihuhqfhv

î Elqpruh/ N1 +4<;:,/ Qdvk Edujdlqlqj Wkhru| LL/ lq Wkh Hfrqrplfv ri
Edujdlqlqj/ hg1 N1 Elqpruh dqg S1 Gdvjxswd/ Edvlo Eodfnzhoo/ R{irug/
940:91

î Fdvv/ G1 dqg N1 Vkhoo +4<;6,/ Gr Vxqvsrwv PdwwhuB/ M1 Srolw1 Hfrq1
<4/ 4<6055:1

î Frohv/ P1 dqg U1 Zuljkw +4<<;,/ D G|qdplf Htxloleulxp Prgho ri
Vhdufk/ Edujdlqlqj/ dqg Prqh|/ M1 Hfrq1 Wkhru| :;/ 650871
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î Gud}hq/ D1 +4<;;,/ Vhoi0Ixo?oolqj Rswlplvp lq d Wudgh0Iulfwlrq Prgho
ri wkh Exvlqhvv F|foh/ Dphu1 Hfrq1 Uhy1 Sdshuv dqg Surfhhglqjv ;:/
69<06:51

î Gldprqg/ S1 +4<;5,/ Djjuhjdwh Ghpdqg Pdqdjhphqw lq Vhdufk Htxl0
oleulxp/ M1 Srolw1 Hfrq1 <3/ ;;40<71

î Hqqlv/ K1 +4<<;,/ Vhdufk/ Prqhwdu| Htxloleuld dqg Vxqvsrwv/ FDH
Zrunlqj Sdshu <;045/ Fruqhoo Xqlyhuvlw|1

î Krzlww/ S1 dqg S1 PfDihh +4<;;,/ Vwdelolw| ri Htxloleuld zlwk H{whu0
qdolwlhv/ Txduw1 M1 Hfrq1 436/ 5940::1

î Krzlww/ S1 dqg S1 PfDihh +4<<5,/ Dqlpdo Vslulwv/ Dphu1 Hfrq1 Uhy1
;5/ 7<6083:1

î Nl|rwdnl/ Q1 dqg U1 Zuljkw +4<;<,/ Rq Prqh| dv d Phglxp ri H{0
fkdqjh/ M1 Srolw1 Hfrq1 <:/ <5:0871

î Pruwhqvhq/ G1 +4<<<,/ Htxloleulxp Xqhpsor|phqw G|qdplfv/ plphr/
Qruwkzvwhuq Xqlyhuvlw|1

î Uxelqvwhlq/ D1 +4<;5,/ Shuihfw Htxloleulxp lq d Edujdlqlqj Prgho/
Hfrqrphwulfd 83/ <:043<1

î Uxelqvwhlq/ D1 dqg D1 Zrolqvn| +4<;8,/ Htxloleulxp lq d Pdunhw zlwk
Vhtxhqwldo Edujdlqlqj/ Hfrqrphwulfd/ 86/ 44660831

î Vkhoo/ N1 +4<::,/ Prqqdlqh hw doorfdwlrq lqwhuwhpsruhooh/ Vìplqdluh
g*Hfrqrpìwulh Ur|0Pdolqydxg/ Sdulv/ Qryhpehu1

î Vkhoo/ N1 +4<;:,/ Vxqvsrw Htxloleulxp/ lq Wkh Qhz Sdojudyh/ Yro1 7/
ss1 87<0884/ Pdfploodq ) Fr1/ Qhz \run1

î Vkl/ V1 +4<<8,/ Prqh| dqg Sulfhv= D Prgho ri Vhdufk dqg Edujdlqlqj/
M1 Hfrq1 Wkhru| 9:/ 79:07<91

î Wuhmrv/ D1 dqg U1Zuljkw +4<<8,/ Vhdufk/ Edujdlqlqj/ Prqh| dqg Sulfhv/
M1 Srolw1 Hfrq1 436/ 44;04741

î Zdoodfh/ Q1 +4<<:,/ Devhqfh0ri0Grxeoh0Frlqflghqfh Prghov ri Prqh|=
D Surjuhvv Uhsruw/ Ihg1 Uhv1 Edqn ri Psov1 Txduwhuo| Uhylhz/ Zlqwhu1
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î Zuljkw/ U1 +4<<7,/ D Qrwh rq Vxqvsrw Htxloleuld lq Vhdufk Prghov ri
Ildw Prqh|/ M1 Hfrq1 Wkhru| 97/ 56705741

57



9 Dsshqgl{
91410 Lq zkdw iroorzv/ lw lv vkrzq wkdw ûrE{ä ì e%r�E{äý e%r2E{ä frqyhujhv wr
}hur dw udwh { dv { dssurdfkhv }hur1 Iluvw qrwh wkdw iurp +4,/

ü�Ee%r�( Xräý ü�Ee%r2( Xrä ' ý{o�ü�Ee%r�( Xrä n {Zrrâ dü�Ee%râ2 ( Xrâäý ü�Ee%r2( Xräoé
+63,

Fohduo|/ iurp wklv h{suhvvlrq/ zh kdyh

ü�Ee%r�( Xräý ü�Ee%r2( Xrä$ f +64,

dv { $ fé Vlqfh ü�Eî( Xrä lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj/ wklv lpsolhv
wkdw zh kdyh e%r�E{ä$ e%r2E{äé Dv d frqvhtxhqfh/ ûrE{ä$ f dv {$ fé Lw lv
qrw gl!fxow wr vhh wkdw e%rð frqyhujhv +ð ' �c 2 dqg r ' r@c rK,1 Wkhq/ e| wkh
frqwlqxlw| ri ü� djdlq/

*ð4
{<f

ü�Ee%r�( Xräý ü�Ee%r2( Xrä

{
' ýo�ü�Ee%r( Xrä n Zrrâ dü�Ee%râ( Xrâäý ü�Ee%r( Xräo

' òr� 5 Ué +65,

Zh dovr nqrz wkdw

*ð4
ûrE{ä<f

ü�Ee%r2 n ûrE{ä(Xräý ü�Ee%r2( Xrä

ûrE{ä
' òr2 5 U +66,

ehfdxvh ü�Eî( Xrä lv gl>huhqwldeoh1 Ilqdoo|/ vlqfh ûrE{ä lv d frqwlqxrxv ixqf0
wlrq ri {/ zh fdq zulwh

*ð4
{<f

ü�Ee%r2 n ûrE{ä(Xräý ü�Ee%r2( Xrä

{

{

ûrE{ä
' òr2é +67,

Vxevwlwxwlqj +65, lq +67,/ zh jhw

òr� *ð4
{<f

{

ûrE{ä
' òr2c +68,

zklfk vd|v wkdw ûrE{ä ' ïE{ä1
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91510

Fodlp < Iru vpdoo hqrxjk wudqvlwlrq udwhv iZrrâ c Zrârj/ eduwhu txdqwlwlhv wudghg
duh vxqvsrw lqghshqghqw1

Surri1 Ohw ^W vroyh üâE^Wä*SâE^Wä ' �é Qrwh wkdw li ^&� ' ^
&
2 c & ' rc r

âc wkhq
að ' fc ð ' �c 2c dqg htxdwlrqv +5:, ehfrph wkh wudglwlrqdo Qdvk edujdlqlqj
uxoh zlwk wkh xqltxh vroxwlrq ^W1 Wkhq/ lw vx!fhv wr vkrz wkdw zh kdyh
^&� ' ^&2 zlwk & ' rc râ dqg vpdoo hqrxjk wudqvlwlrq udwhv1 Vxssrvh qrw/
vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw zh kdyh ^&� ÷ ^

&
2 iru vrph & dqg hyhu|

srvvleoh Z&&â1 Iurp +5:, zh kdyh/

üâE^&�ä
SâE^&� ä

'
SâE^&2ä
üâE^&2 ä

' 1é +69,

Qrz/ vlqfh ^&� ÷ ^&2 / üE^
&
� ä ý SE^&2ä ÷ üE^&2ä ý SE^&�äc dqg zh kdyh iru vpdoo

hqrxjk Z&&â wkdw üE^&� äý SE^&2än EZ&&â*oäa
&
� ÷ üE^

&
2 äý SE^&�än EZ&&â*oäa

&
2 wkhq

zh kdyh 1 ÷ �é Dovr/ vlqfh üâE^&� ä*S
âE^&�ä ' 1 ÷ � lpsolhv ^&� : ^

W dqg/ vlqfh
SâE^&2ä*ü

âE^&2ä ' 1 ÷ � lpsolhv ^&2 ÷ ^Wc zh kdyh wkdw ^&� : ^&2 > zklfk lv d
frqwudglfwlrq1 Khqfh ^&� ' ^&2 ' ^W iru & ' rc râc zklfk phdqv wkdw eduwhu
wudghv duh lqghshqghqw ri vxqvsrwv1
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