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The Economics of Tenancy Rent Control

l. Introduction

In early 1996, when New Y ork City’s rent control law came up for evaluation and
possible modification, the public debate spilled over beyond New Y ork to national newspapers
and the international media. The same questions that arose in this debate have arisen in the past in
discussions concerning rent control in, among other places, France, Germany, India, Sweden and
other parts of the United States. These debates reveal, more than anything else, how widely the
central issues of rent control are misunderstood. Part of the blame for the popular
misunderstanding of the effects of rent control lies with economists. Despite quite a substantial
literature on the subject, some of the key anaytical questions, especialy ones concerning the
relation between inflation and rental adjustment, remain unanswered.

The aim of the present paper is to construct a model that captures the main stylized
features of aform of rent control pervasive around the world. We refer to it as “tenancy rent
control.” Tenancy rent control, which is a special case of what is known in the literature as
“second-generation rent control,” alows landlords to freely choose anominal rent when taking on
anew tenant (the tenant is of course free to reject the offer), but places restriction on raising rents
on, or evicting, asitting tenant. This causes an erosion in the real value of rent if atenant stays on
for too long, whenever there is positive inflation in the economy, which for most economiesis
true most of the time. This means that landlords will prefer short-staying tenants to long-staying
tenants. Since atenant’s type will be better known to the tenant than the landlord, the tenancy

market will be characterized by asymmetric information. Our basic model describes the tenancy



market as amodel of asymmetric information in which the tenants’ types are exogenously given.
It is shown that the presence of tenancy rent control will, in general, result in a Pareto sub-optimal
equilibrium, whereas a system of free contract will be Pareto optimal. Of course, this does not
mean that moving from the former to the latter would make everybody better off. However, the
model does illustrate how the real conflict of interest is not between landlords and tenants, as
portrayed in most popular debates on rent control, but between tenants of different kinds. Thisis
aresult that will come as no surprise to economists. In our case this basic model and result serve
as a benchmark which can thereafter be developed to obtain some surprising results

After constructing the basic model we develop it by endogenizing the tenant types. That
is, we allow for the fact that the outcome in the rental market may affect the tenant’ s life-style, for
instance, discouraging him from shifting too many times. Once the tenant’s “type” is modeled as
an endogenous variable we get the surprising result that rent control may give rise to multiple
equilibria. Thisisavery natural result, based on weak and realistic assumptions, but it seems to
have gone unnoticed in the literature. If the economy gets locked in the “bad equilibrium,” among
the many possible equilibria, the removal of rent control can not only bring about an efficient
outcome but cause an across-the-board lowering of rents, thereby leaving all tenants better off.
Thisresult is established in section V.

We should clarify that all our comparisons of different rent-control regimes take the form
of comparative statics. We do not consider switch-overs from one regime to another. Hence all
of the policy prescriptions that flow out of this exercise concern new tenants and new contracts.
We do not comment on how, or for that matter whether, changes should be made to laws
applicable to currently sitting tenants.

The next section is about the institution of rent control. It discusses different kinds of rent

control, some stylized facts, and the real-world context of our theoretical constructions.



II. Thelnstitution of Rent Control

In the United States and Europe, the numerous governmental controlsin the rental
housing market, which are generally described as “rent control,” arose during World War Il in
response to the mass disruptions caused by the war. After the war, New Y ork City and many
European jurisdictions retained versions of these out of fear that the return of troops would send
rents skyward. In other parts of the United States, the social upheaval and high inflation of the
1970 s was a driving force behind the re-implementation of rent controls. California,
Connecticut, Massachusetts, New Jersey and New Y ork are all states where jurisdictions
implemented rent control policies during this period. While a number of jurisdictions have since
abandoned or relaxed rent control laws, these laws are still commonly found in the U.S. and the
world over.*

Before we proceed to discuss rent contral, it is worthwhile clarifying that the absence of
rent control can be of two kinds: the kind with no government intervention in the rental housing
market, or the kind where the government allows and enforces contracts (subject to the standard
restrictions on the freedom of contract provided under contract law). In this paper, when we
consider aregime with no rent control, we shall be concerned with the latter, which will be
referred to as a “free contract” regime. By its converse, “rent control” is a generic term that
describes rental laws, which place additional restrictions on allowable contracts.

While many different forms of rent control exist in the world, we will focus on a stylized
version, which iswidely used throughout the world. We will focus on arent control regime

which does not allow the eviction of a sitting tenant and which limits the amount a landlord may

! Arnott (1995) discusses the history of rent control in the U.S. and Europe and provides a useful bibliography.



increase the rent on a sitting tenant (enough so that rents do not, typically, keep up with inflation).
Upon vacancy, however, the landlord is free to negotiate a new rent with anew tenant. Thisis
precisaly the regime that existsin quite afew U.S. communities, including Los Angeles, Berkeley,
Santa Monica and Palm Springs and is similar to the system that exists in Washington, D.C.
(Dreier, 1997, and Olsen, 1990).? Thisis also agood estimation of rent control lawsin other
communities in the U.S. and elsewhere in the world including Germany, France (Hubert, 1995,
and Borsch-Supan, 1986), Sweden, and virtualy al major citiesin India

In Delhi, for example, Section 6 of the Delhi Rent Control Act, 1958, allowed a maximum

of a10% rent hike every three years, no matter what the inflation. In India the average inflation
every three years has exceeded 20%. The Act also made it virtually impossible to evict a tenant.

The 1958 Act has subsequently been superseded by the Delhi Rent Act, 1995, which isonly

dightly more flexible.

In New Y ork City, properties under ‘rent stabilization’ are closest to the rent control law
just described. There have been two major rent control regimesin New Y ork, ‘Rent Control’ and
‘Rent Stabilization.” Rent Control was a strict regime started in 1947 that assigned rents for
individual properties and allowed minor increases. This policy currently covers dightly more than
70,000 unitsin New York City and is declining with vacancy decontrol and shifts to stabilization.
Much more common are properties under Rent Stabilization. This system was implemented much
later, in 1969, and was a less stringent form of rent regulation where periodic rent increases are
allowed as approved by arent regulatory board. In 1971, apolicy of vacancy decontrol was
ingtituted for all units under either Rent Control or Rent Stabilization after they had been

'voluntarily' vacated. However, in 1974 an amended policy was introduced that ended vacancy

2 In Los Angeles annual rent increases for sitting tenants are limited to 7%, but once vacated, a new rent can be



decontrol of stabilized units and controlled units in buildings with more than five unitsin total.
The new policy kept the units under stabilization, but allowed increases of between 14 and 16
percent above the most recently approved allowable rent increase for a voluntarily vacated
apartment.® Recently, the 1997 agreement to renew New Y ork's Rent Stabilization |aws upped
the alowable vacancy increase to 20 percent, for atwo-year lease, and an additional 0.6 percent
for each year the previous tenant had occupied the unit.* There are other ways for landlords to
raise the controlled rent over and above these increases as well. One way is through pass-through
costs. This alows landlords who spent money on improvements to a rent stabilized apartment to
raise the rent by appealing to the board. Another way is by pleading hardship or increased
operating costs. Anecdotal evidence suggests that landlords raise rents through these channels
often, even if the amount of money spent on improvementsissmall. As both of these tactics are
sure to meet opposition from a sitting tenant, the common practice is for the landlord to appedl
for these increases upon vacancy.’

New York City’srent control laws also provided non-rent protection for tenants. In
particular, the Rent Stabilization Code stipulated that 1andlords must offer tenants arenewal lease
(at the stabilized rent) before the expiration of the current lease. It also limited the set of
circumstances in which the landlord could evict a sitting tenant (non-payment of rent, for
example).® These provisions are essentially the non-eviction of asitting tenant clause that we
stipulate for the stylized rent control law studied in this paper. Thus, the current situation in New

York City is very close to the tenancy rent control regime of our model. Therefore, it seemsto

freely chosen.

3 See Linneman (1985) for agood discussion of the history of New York City rent control.

*"Dedl is Achieved as Rent Laws Expire" by James Dao, The New York Times, June 16, 1997.

® See Jarett and McK ee (1997) for anecdotal evidence of the rent increasing tactics of NY C landlords as well asa
brief history of rent control in New Y ork City.



us, that tenancy rent control is pervasive, especialy when one recognizes that arent control
system applied to a unit rather than the tenancy, in which rent increases are permitted unless
appeded against by the tenant, is not very different.

There has been a considerable amount of theoretical work on rent control. The textbook
version of rent control is a price-ceiling model of supply and demand that relates most closely to
what Arnott (1995) describes as “first generation rent control.” These are akin to the rent control
regime, which New Y ork City implemented in 1947, in which rents were fixed at alevel and
rarely alowed to rise. The textbook model has been advanced in several directions (see, for
instance, Hubert, 1996; Raymon, 1983; Frankena, 1975; Sweeney, 1974, for arelated survey, see
Smith, Rosen and Fallis, 1988). There has aso been work done on the political economy of rent
control (see Epple, 1994, and Falis, 1988), which try to explain why the rental laws are what they
are by looking at the power structure of different lobbies.

Our aim is however more limited—to study the economics of tenancy rent control in

economies with positive inflation.

1. TheBasic Model

Let us assume that there are n types of potential tenants in an economy. If N isthe set of
types, then N = {1, , n} . Suppose afraction p; of al tenants are of typei. Thus
p,+ - +p,=1. All agentsin this paper are infinitely-lived.

A tenant’ stype basically refers to how long a tenant stays in the same apartment before

moving to anew one. Let t; be the number of months atenant of typei staysin the same

apartment. Without loss of generality we assume that,

® Cinque (1997) discusses the non-rent protections afforded tenants by New Y ork City’s various rent control laws.



t, <t, < <t,.
In other words, type 1 tenants are the restless souls. Either they have a preference for quick
change or have transferable jobs. Type n tenants are the types who gather moss. Others are
somewhere in between those extremes. Of course, in reality, depending on the rent-control
regime that prevailsin an economy, a person may decide to quit a transferable job and take up a
stable job or vice-versa. But we will, for now, assume that the tenant types are given. This
assumption is relaxed in the next section.

Throughout this paper we assume that there are a finite number of tenants and a finite (and
therefore discrete) number of tenant types; and that rents are paid at discrete time intervals. But
our method and al the results in this section extend easily to the case where there is a continuum
of tenant types and rents are paid continuoudly.

Thisisamodel with asymmetric information. Each tenant knows his type but a landlord
cannot tell the tenant’ s type by looking at him. In addition, our rent-control law does not allow
quit-contingent contracts, rent escalation clauses for long-stayers, nor length contingent payments
to tenants. The monthly rent has to be fixed at the time of taking on a new tenant and may not be
adjusted for the duration of the tenancy.

Note that even though a tenant’s type is unknown to the landlord at the time the tenant
moves in, the tenant’ s type gets revealed at the time the tenant moves out. Hence, by charging a
lump-sum amount at the time of atenant’s moving out, alandlord can overcome the problem of
asymmetric information. A rent-control law typicaly prevents such complicated contracts and
thus causes the asymmetric information problem to persist (Basu, 1989), in fact without such
restrictions a rent control law would be rendered ineffectual. Initial deposits such as key money

(or what in Indiais called pugree) with agreement to return a part of it depending on when the



tenant leaves, or any kind of rent escalation clause may be viewed as the market’ s way to get
around rent-control. In our model we assume that these types of payments and clauses are not
allowed by thelaw. In other words we are about to analyze the case of ‘tenancy rent control,” as
described in section 1.

We will aso assume that there is inflation in this economy which erodes the value of
money each month by 1- b, which is greater than zero. That is, we are assuming—what is nearly
universal--that there is some inflation in the economy.

Let the discount factor for all individuals be d 1 (0,1), for each month.

If alandlord charges arent of 1 dollar per month in real terms from a new tenant and
somehow gets only tenants of type i, then the stream of income earned by the landlord, in rea
terms, is given by

1 b b? b** 1 b b? b*t 1
Given the presence of rent control, this stream of income is easy to understand. Since the market
rent for anew tenant is 1, the landlord earns 1 in period 1. Since the rent control law does not

allow the nominal rent to be changed, and the inflation rate is 1- b, in the second period (third
period) the 1 dollar is equal to b dollars (b? dollars) in real terms. This explains the second and
third terms in the stream shown above. After t periods the tenant quits. The new tenant pays a
rent of 1 dollar in real terms (or b™' dollarsin nominal terms). This explains why the t™ term is 1.
And so on. The present value of the above stream using the discount factor of d is denoted by v;
and thisis given by:

v, =1+bd+(bd)>+ .-+ +(bd)" ' +d'v, (D

or,



_1- (bd)"
ViT - bdy(d- d)

(2)

Lemmal If i <j, thenv; >v,.

The proofs of this and of al following lemmas (save lemma 3 for which an intuitive proof
isgiven in the text) are found in Appendix A.

Continuing with the case in which rent is $1 per month, let us denote v, as the expected
present value of returns to the landlord when all tenants of type i or above make themselves
available to the landlord as potential tenant from whom the landlord randomly selects one.” Then,

clearly v = vn. And, more generaly,

0
Tepdr o+ o r@dirdiv,] @)

or

" In our framework we are taking this environment to be static and thus we present a static model, however it is
important to note that in the dynamics of the model short stayers will appear more frequently on the market for
rental housing than will long stayers. What this means, in effect, is that the present value of the returns to the
landlord when facing a mix of indistinguishable potential tenants should not depend on the proportion of typesin
the economy (as in equation (3)) but rather the proportions of each type that are in the market for a vacant
apartment at the steady-state. While our method is a simplification, using the steady-state proportions will yield
the same asymmetric information results as we derive using our method, however a dynamic model of this
situation would be a worthwhile undertaking in the future.
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Since the above expressions are worked out assuming that the rent is one dollar (in red
terms for a new tenant), it is now easy to work out the expressions for the case when therent isR
dollars. If the landlord gets only tenants of type i, we denote the present value of her rental
income as v i(R) and clearly

Vi(R) =Ry ()

where v; isgiven by (2).

If the rent is R and only tenants of typei and higher seek tenancy, we denote the
landlord’ s present value of income form leasing out one apartment by v (R). Clearly,
vV »(R) = Rvg (6)

where v is given by (4).

Lemma?2 Ifi< j, then Viiy = V(j)-

Aswe discussed in the introduction, one of the most popular variants of rent control takes

the form of disallowing landlords from raising rents adequately or evicting tenants. Let us, in

particular, assume that alandlord can choose arent, R, at the time of taking on a new tenant (who
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of course has the freedom to turn down the offer); but then the rent remains (nominally) the same
as long as the tenant stays on.

Let us now model the tenant’ s decision-problem under this regime of tenancy rent control.
Let us assume that al tenants have the same option (irrespective of their types) if they reject
leasing an apartment.? They could locate in an area not covered by the rent control law (most
often suburban communities, but, asin the case of New Y ork City and Los Angeles, sometimes
rent control coverageisonly partia and rent controlled apartments exist side-by-side with non-
rent controlled apartments), buy a house, live off friends or live in motel rooms or mobile homes,
which are not covered by the rent control ordinances. That the preferred outside option is the
same across types is reasonable if one imagines that, for example, the suburban rental market is
competitive. Thus rentswill be set to cover costs and will be freely adjusted to inflation, neither
of which depend on tenant type. Of course living in a suburb often involves additional
transportation costs to those who work in the city making the option of locating to them less
desirable all else equal. In acompetitive environment, however, if the cost of making an
apartment available to rent is the same across landlords (i.e. in both rent controlled and non-rent
controlled areas) then even if renting in the non-controlled areas involves no additional costs to
tenants, the results of the model will hold. The landlords zero profit condition assures this.

The outside option gives a person alife-time utility of B. We assume that al tenants
receive the same life-time benefit from renting an apartment, A, and must, of course pay rent R,
which, in present valuestermsis Ry, for atypei tenant. We assume that A>B, and define the

difference, A-B, asD. Therefore atenant will lease an apartment if and only if, A- Rv, 3 B or

Rv, £A - B° D. What we mean by this, in operational terms, isthis: Irrespective of atenant’s
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type (which is here exogenoudly given), if atenant finds that the present value of rentals exceed,
D, the tenant will opt out of tenancy.

If atenant isof typei, and the rent is R, the present value of rentals paid by the tenant is
clearly Rv;, asin (5), with v; as defined by (1) or (2). Hence, atypei tenant will opt for tenancy
aslongas Rv, £ D. By Lemma 1 we know that as R increases, the shortest-staying tenants (i.e.
of type 1) will be the first ones to opt out of tenancy, followed by types 2, 3 and so on with the
last to opt out being the longest stayers (type n). Since the short stayers are the more attractive
tenants from the landlord’ s point of view, thisiswhat drives the adverse-selection processin this
model.

Now consider alandlord who has one property to lease out. Let V(R) bethe landlord’'s
expected present value of rental when the per-period rent is R. Following the argument in the
above paragraph, we can now compute what V(R) will be like as R varies. An important and

interesting implication of thisis the following.

Lemma3 V(R) reaches its maximum when R = D/v,.

Note that D/v, is the critical rent above which the longest-staying tenants opt out of
tenancy. The proof of Lemma 3 is obvious with the use of a somewhat unusual diagrammatic
technique that we develop below. Let usfirst explain how V(R) can be represented
diagrammatically. Consider acase wheren = 3. In Fig. 1, the horizontal axis represents, R. In
this figure draw the lines Rvy, Rv; and Rvs. By Lemmal, Rv; is the steepest followed by Rv, and

then Rv,, or (what is the same here) Rvs. Draw ahorizontal line at height D from the origin and

8 As explained later, much of our results would continue to hold without this assumption; but it is a useful
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mark off the critical rents, namely, D/v,, D/v, and D/v; where each type drops out of the rental
market. All thisisshownin Fig. 1. Being amodel of asymmetric information it is not surprising
that the figure is similar to the one in Stiglitz and Weiss (1981) which plots bank return as a

function of the interest rate.

Rv, Rv, Rv,, Rv,,

Rv,=Rv,
D
|
|
- \
| V(R
e
]
o
N
D/Vl B D/V2 D/V3 Monthly
Rent, R

Fig. 1: The V(R) Function

In the same figure draw Rv(,), Rv( and Rv). Recall that Ry is aweighted average of

Rvi, RVisy, ... and, Rv,. It followsthat Rvs coincides with Rvs.

simplifying assumption and will be used throughout.
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Now suppose the monthly rent is below D/v;. Then all three types of tenants seek
tenancy. Hence the landlord’ s expected present value of rentals earned (i.e. V(R)) is given by

Rv(y. Once R exceeds D/vs, type 1 ceases to lease in property. Aslongas RED/ v,, V(R) is

equal to Rv,. Beyond D/v,, V(R) equals Rv(;). Hence the landlord’ s expected present value of
rentals, V(R), must satisfy the following:

iRvy, if RED/v,
_{Rvy, if D/v,<REDIv,
T{Rvg, if D/v,<RED/v,
f o if D/v,<R

V(R)

The V(R) function isillustrated by the thickened linein Fig. 1.

One easy implication of the definitionsisthat Ry < Rv; for al i <n. It immediately
follows that all the peaks of V(R) excepting the one at rental, D/v,,, will be dominated by the peak
at D/v, (asshownin Fig. 1). This completes the proof of Lemma 3.

Note that if the opportunity cost of leasing property differed for each type, that is, the
opportunity cost to type i was D; instead of D, Fig. 1 would have to be adjusted by drawing in D;,
D,, and D3 and locating the critical rentals Di1/vi, D2/v,, and Ds/vs. Lemma 3 would not then be
necessarily valid. However, the inefficiency results that we prove do not hinge critically on the
assumption of “equal opportunity cost.” And so, in view of its smplifying nature, thisisan
assumption that we continue to use.

It is now easy to see the that if the rental market is monopolistic (in the sense of there
being one landlord with 1 property to lease out) then she would set the rent at D/v,,. All but the
longest-stayers would be driven out of the market in equilibrium. Consider the extreme case
where t, =¥ . Inthiscaserental isequivalent to sale by installment payment, where the

installment payments go on forever.
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Let us now proceed to analyze what happens if there are many landlords competing with
one another as would be the case in any large city. Let us assume that the cost to alandlord of
leasing out an apartment (in present-value terms) isC. In order to consider the interesting case
suppose C < D. It followstherefore that it is Pareto efficient to let al tenants have a rented
property each. But let us see what the outcome will be under perfect competition. By perfect
competition we mean here that (a) all agents are price-takers (which implies, in particular, that if
the market rent is R, alandlord expects to get no tenant if she unilaterally raises the rent to R¢)
and (b) there are enough (potential) landlords to drive profit down to zero.

The perfectly competitive outcome is easy to illustrate using the diagrammatic technique
developed above. In Fig. 2 we reproduce the V(R) curve. Let us suppose that C is as shown, and

R’ be such that V(R")=C.

V(R)

D/v, D/v, R" R* D/ v, Monthly
R' Rent, R
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Fig. 2. Rent Control Equilibrium

If the market rent, R, exceeds R’, the landlords will be making supernormal profits. So
there will be more entry of landlords and R cannot be an equilibrium. If Risbdow R', C > V(R)
and landlords will exit the rental market. Hence R (in Fig. 2) is the equilibrium rent under perfect
competition when landlords cost of leasing out property is given by C.

Let us now consider the case where the landlord’' s cost, instead of being C, is C¢. Then
there are two rental rates, R¢ and Rdat which C¢ =V (R¢) = V(R®). Are both of these
equilibria? It depends on how exactly we interpret a“competitive market.” 1f by that we mean
that landlords cannot change rents in either direction (asin Mas-Colell, Whinston and Green,
1995, Chapter 13) then both R¢ and R constitute equilibria. However, it seems reasonable to
argue that while no landlord can unilaterally deviate from the market rent in an upward direction,
they can unilateraly deviate in a downward direction (without losing all tenants). Then R®
ceases to be an equilibrium. First, we explain thisintuitively; and then (at the end of this section)
we give it aforma game-theoretic interpretation.

Theintuitive reason issimple. Suppose al landlords are charging R®. Then if one

landlord cut her rentto RT (R¢ D/v,), dl tenants would try to lease from this |andlord and she

would make a positive profit, since (asis clear from Fig. 2) V(R) > C¢. Hence, R¢ isthe only
competitive equilibrium in this case.

Let us see how different people are affected in equilibrium. By comparing Figs. 1 and 2 it
is clear that the cost of rental to types 1, 2 and 3 are Rdv;, Rdv, and Rdvs. By marking the R¢
point of Fig. 2inFig. 1itisclear that Rdv; > Rdv, > Rdv; and Rdv, > C¢ > Rdvs. Hencethe

short stayers pay rents that are too high (above the cost to the landlords) and long stayers pay
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rents that are too low (type 1'sdo not rent at al in this market as Rdv,>D). Thisisthereal
dividing line in the rent control debate.

Most of the popular divisions arise between landlords and tenants. If the law is going to
be changed on sitting tenants, indeed there would be conflicts of interest between landlords and
tenants. But if the law is going to be changed for all future tenancy contracts (as it should be)
then the conflict of interest is between tenants of one type and another. But these are such diffuse
categories that popular attention has mistakenly been directed at the more visible line between
landlords and tenants.

Another popular misconception is the indignation people feel when they hear of people
who have held apartments for many years and now pay “absurdly” low rents — the old widow in
Delhi or New Y ork who pays 100 Rupees or Dollars per month for her two-room apartment.
This indignation has, however, nothing to do with our model but, in fact, arises from a
misunderstanding of the economics of rent control. Suppose the old widow had bought the
apartment many years ago (for a price which today would appear absurdly small). Thisis
equivalent to arental agreement which involves alump-sum initial payment and then a very small
monthly payment, in this case, zero. Should this be reason for shock and indignation? Should this
be the basis for saying that the old lady should return the apartment to the original owner or at
least start paying a higher monthly rent? Clearly not. She bought the place and that is the end of
the matter. But now, if amonthly rent of zero is no reason for indignation, why should a monthly
rent of Rs. 100 be treated differently? If the old lady pays arent of Rs. 100 because the
agreement (or generally accepted presumption) was that that is what she would do forever, then

we could, effectively, think of her as having bought the place under the agreement to pay in
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monthly installments of Rs. 100.° Of course, Rs. 100 looks very small today; but zero looks even
smaller and that is what a person who bought the apartment she livesin pays. Indeed in afree
contract system, someone may sign exactly the contract the old widow signed and thirty years
down the road the rent will appear ‘absurdly’ low. This, therefore, is clearly not the essential
difference between a system of rent control and one of free contract.

Return to the case illustrated in Fig. 2 where the landlord' s cost is C. In equilibrium
everybody excepting the type-n tenants are driven off the market. Y et for each tenant-type, i,
there exists arental such that both landlord and tenant would benefit. Thisimplies that under rent
control the competitive equilibrium can be Pareto inefficient.

If the rent control law is revoked and replaced by a system in which atenant and a
landlord can sign on any rental and eviction contract, it is easy to see that Pareto efficiency is
attained. Thisis because the asymmetric information problem is not insurmountable here.
Though for a new-tenant his type is not transparent to the landlord, at his time of departure his
type getsrevealed. So by writing a departure-date contingent contract (or by putting in arent-
escalation clause) landlords can get around the asymmetric information problem. The problem
with most rent-control regulations is that they tend to disallow (or render illegal) clausesin rental
contracts which alow landlords to overcome the asymmetric information problem.

It is aso worth noting that landlords may try to counter some of the disadvantages of
tenancy rent control by using harassment. If alandlord expects to benefit from a tenant vacating
his unit, he will have the incentive to harass the tenant and inadequately maintain the property.

This could explain why certain kinds of deposit money are discouraged under the law.

® There may be inefficiencies arising in this case because the original contract was unclear or because a tenant has
limited rights compared to an owner (Basu, 1989) but those are not our concern in this paper.
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Let us, for completeness, consider the case where alandlord and a tenant can agree to any
contract and the state legal machinery ensures that the contract is adhered to. Under such alegdl
regime, one kind of contract that would achieve optimality is a fully-inflation indexed rental
contract. Suppose a landlord writes a contract where the real rental is R each month. 1n other
words, the nominal rent is raised each month sufficiently to correct for the amount of inflation.
Under such arental contract, the tenant type is unimportant to the landlord because no matter
who the tenant is, if the real monthly rental is R, the landlord’ s present value of earningsis

R/(1- d). If the cost of leasing out is C, the competitive real renta rateis R where
R ¢
1-d

In other words, in a competitive equilibrium the nominal rent in period 1is (1- d)C =R'.
In the next month it will be (1- d)C/b. Thefollowing month (1- d)C/b?* and soon. Aslong
as C£ D, dl tenants will be leasing in apartments and the outcome is Pareto optimal.

If we have arent-control law which does not allow rent-escalation clauses (at all or
adequately) but does allow departure-date contingent rentals, we once again get optimality. We
could then think of the landlord offering contracts like R D, R (2), ..., which says that you need
make no monthly payment (it is easy to generalize and allow for some nominaly-fixed monthly
payment) but if you leave the apartment after t months you make a lump-sum payment of R (t).
In that case, it is easy to see that the competitive outcome is Pareto optimal.

In reality landlords do often mimic this system. They takeinitia deposits from tenants and

promise to return part of the money if the tenant leaves early. The returns are however never

quite so finely-tuned as in the above paragraph, for fear of faling foul of rent-control laws.
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What was described above as a competitive equilibrium may aso be characterized as a
Nash equilibrium of a game, as done by Mas-Colell, Whinston and Green (1995, pp. 443-50) in
the context of Akerlof’s (1970) model of adverse selection. Mas-Colell et al construct a model of
Bertrand competition between two landlords, each of whom can supply an unlimited number of
apartments at acost of C each. Theitalicized part of the above sentenceis clearly an unrealistic
assumption. It istechnically necessary because the existence of capacity constraints can give rise
to well-known existence problems.

We get around this problem with a different description of the game. In our model there
arem (potential) landlords where m exceeds the total number of tenants, t. Each landlord can
offer at most one apartment for lease. |f she does so, then she incurs a one-time cost of C. Each
landlord's strategy set, S, is equal to { N} U[0,¥). If landlord i chooses N, it means she does not
offer an apartment for lease. In that case she does not incur C and her profit is zero. If she
chooses astrategy R; 1 [O,¥) it means she offers an apartment for lease. Her profit then
depends on R; and other landlords’ choice of strategies.

We are essentially looking for a strategy m-tuple (sy, ... , Sn) ¥ swhich isarefinement of a
Nash equilibrium in which all the entrants choose the same strategy. We call thisa “uniform Nash
equilibrium.” A rental value of R isauniform Nash equilibrium if, for somet >0, m-t
landlords choose strategy N and all the other t landlords choose the same rent R 1 [O, ¥) and
these strategies constitute a Nash equilibrium.

The payoff functions of the landlords are assumed to have the following properties. (a) If
among all the landlords who choose to enter, j selects the smallest rent, then landlord j expects a
payoff of V(R) - C. (b) If t landlords enter and all but one of them charge the same rent R and

the deviant charges R¢>R, then the deviant’s expected profit is-C.



21

(b) isastrong assumption but it mimics the idea the idea of competition. It isagame
theoretic formalization of the concept of equilibrium intuitively used in many models of adverse
selection, such as Stiglitz and Weiss (1981).

Given these assumptions, the uniform Nash equilibria of this m-person game coincides
exactly with the competitive equilibria described above. In Fig. 2 if the cost is C, the only uniform
Nash equilibrium is R and if the cost is C¢ the only uniform Nash equilibrium is R¢.

The only case where we can get multiple equilibriais the non-generic special case where
the cogt, C, is such that the horizontal line just touches apeak. That is, there existsi < n such that
V(D/v;) = C. Barring this special case, arental, R, isacompetitive equilibrium or a uniform
Nash equilibrium if

R =min {RV(R)=¢}.

Though we have in this model assumed a perfectly eastic supply of renta
accommodation, thisis not necessary. The method of analysis developed here can be extended to
the case where the supply of rental accommodation is perfectly inelastic or upward rising with
respect to the return on rental. For reasons of illustration consider the case where the supply of
rental accommodation is fixed at anumber S, and C happensto be zero. Let us consider the case
illustrated in Fig. 1. Again, let the total number of (potential) tenants bet. Hence, there are tp;
number of tenants of typei. To illustrate the analysis with a specia case, suppose S = tp, + tps.
We know immediately that the only rents that can possibly qualify as equilibria are the ones in the
interva [D/vy, D/V,] in Fig. 1 since only in such cases demand equals supply. If however the rent
istoo close to D/v,, in particular less than B, each landlord will have an interest in under-cutting
others for the kind of reason discussed above. Hence, with afixed supply of rental

accommodation, all rentsin the interval [B, D/v,] comprise equilibria. By considering the case
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where St {tp,,t(p, + p,),t} We can create equilibria where markets do not clear but this happens

in the specia sense of tenants, who are indifferent between leasing an apartment in the rent

controlled area and the outside option, being excluded from the rent controlled sector.

V. Inflation and Rents

Our model can be used to derive an interesting testable proposition concerning the relation
between inflation rates and rents in rent-controlled areas. The analysis however turn out to be
more complex than seems at first sight.

It isintuitively obvious that as the rate of inflation rises, (1) the inefficiencies of a rent-
controlled regime become more acute and (2) the long-stayers become more unattractive as
tenants from the point of view of the landlords than the short-stayers. (1) and (2) are technical
results; we derive these formally in Lemma4 and Lemma5, respectively. It isan implication of
these two lemmas that a higher inflation rate will result in a higher real rental rate for starting
tenants. Roughly speaking, the logic behind this proposition is that as inflation picks up, the
distortions created by tenancy rent control get exacerbated; the return earned by landlords drops;
and the market responds by causing rentsto rise. This may well result in more tenants being
excluded from the rent-controlled market. In acountry like India where the entire urban rental
market is controlled, this means more tenants will be excluded from the urban rental market
altogether.

L et us postpone further discussion until after the formal results are derived.

Note that in our model, arise in theinflation rate smply meansafall in b, with zero

inflation being equivalent to b = 1. Throughout the following analysis we will assume b £1, that
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i, we exclude the case of negative inflation. To make explicit the dependence of returns on the
rate of inflation, we will here write v; and v ;, as v;(b) and v (b), respectively.
Lemma4 If b¢ < b, then v, (bY < v, (b).

Vi (b9 < Vi, (0)

Lemmab If b¢< b, then )
v; (b9 v; (b)

Using the two lemmas it is now possible to derive a testable proposition concerning the
relation between inflation and rent. There is no reason to believe that inflation alters the outside
options of agentsin any systematic way. So we will take it to be neutral. Hence D and C remain
unchanged as the inflation rate changes. Let us aso work here with the assumption of ‘free entry'
of landlords, though that can be atered aong the lines of analysisin the last part of Section 111.

Let us see what happens to the V(R) curve as the rate of inflation risesthat is, b changes
to b¢, whichislessthan b. From Lemma 1 we know that the ray Rvg, will now be flatter for
every i.

Next consider each peak of the V(R) line, for instance, the peak at D/ v, inFig. 1.

Clearly, the height of that peak isgiven by Dv , /v,. From Lemma5 we know that as inflation

increases (that is, b drops) this peak must get lower. Thisis, of course, true for every peak.

From the analysis in the previous section we know that the equilibrium point on the V(R)
curve must be at a point where the horizonta line at height C first hits the V(R) curve from the
left. From observations in the above two paragraphs we know that if the inflation rate increases
the V(R) curve will shift right with the new peaks no higher than before. It follows that the
equilibrium monthly rent, R, will rise. Since the equilibrium is the real rent faced by a starting
tenant, what we have just established is the proposition that, as the inflation rate rises, the real

rent for new leases goes up in economies in which there is tenancy rent control.
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It isalso easy to seethat if theriseininflation is sufficient the rise in the real rental can be
so sharp as to exclude awhole class of tenants who were earlier leasing apartments from the
rental market. Thisisnot surprising at al because the inefficiency of tenancy rent control gets

more acute as the inflation rate rises.

V. Endogenous Quit Decisions

There are severa directions in which one can modify and extend the above model. We
will in this section consider one involving the endogenization of the tenant’stype. It istrue that
some people are inherently prone to moving and some have transferable jobs. But no matter what
the inherent penchants, people do modify their behavior depending on the conditions in the rental
market. If inflation isvery high and a rent-control order holds the nominal rent constant for
gitting tenants, inherently peripatetic individuals may try to change their ways and stay put in one
place, and some people with transferable jobs may quit such jobs. In this section we shall try to
show that the endogenization of tenant types can generate some very interesting results, including
the generic possibility of multiple equilibria. Moreover, the removal of rent control can result in a
uniform lowering of rents.

Let us consder the case where all tenants are innately identical but they can choose to be
one of two types: 1 and 2. The assumption of ex ante identity isinessential and is made for ease
of explanation. Typei changes his apartment every t; months wheret; < t,. In other words, a
tenant chooses to be a short-stayer or along-stayer. Again, for reasons of smplicity, let us
assume t, = ¥ . Inother words a potential tenant has to decide whether to be a short-stayer or
settle down permanently in arented apartment. Let us see what happens if we have the kind of

tenancy rent control discussed in the previous section.
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Consider dternative life strategies for the tenant. If atenant decides on a career path in
which he moves to take up a better job, wherever such opportunities arise, he will be a short
stayer. Let his expected life-time wage-income in this case be W;. If aternatively he chooses a
life where he stays in one place and takes up whatever job he gets in the vicinity, heisalong
stayer and his expected life-time wage-income is W,. We assume W;>W..

Suppose the market rent isR. A person who decides to be a tenant will choose to be a
short stayer if and only if [Wl - W2] s [vl - V2]R . By Lemma 1, we know that the right-hand

term is positive. Hence, there exists acritical rent size, R, such that if R £ R, tenants prefer

being of type 1 and if R>R,, tenants prefer to be of type 2. Clearly,

=0 Wi W
Vi- Vo

(7)

Let us, asin the end of section 111, describe the outcome of the rental market by thinking
of this as agame among the m landlords. Asbefore m > t, wheret is the number of potential
tenants. For simplicity assume D is very high; so the potentia tenants always choose to be
tenants. A tenant’scrucia decision now pertains to what type he will be. If al landlords charge

the same rent, R, each tenant’s choice has already been described. If R £ R, each tenant chooses

to be of type 1. Otherwise heis of type 2.
Let us denote this decision by the function T:[0,¥) ® {12} . T(R)=1if and only if

R £ R. Thus T(R) tells us what type the tenants will be, if there is only one rent, R, prevailing in
the market. Now, consider the case where, with al the landlords charging R, one landlord
deviatesto R¢. What can the deviant landlord expect? Asin section I11, we assume that if

R (>R, she expects to find no tenants. If RI<R, tenants will of course come to her, but the

guestion iswhat life-style will the tenant choose: short-staying or long-staying? It seemsto us,
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and thisiswhat we will assume, that all tenants will be of type T(R) - even the tenant who rents at
rate R¢ from the deviant landlord. More formally, in the language of games used at the end of
section |11, we assume: (c) If t landlords enter the rental market and all but one of them charges a
rent of R and one landlord charges arent R (<R, then the tenants attracted by the deviant landlord
will be of type T(R).

This assumption seems to be intuitively very reasonable. Suppose you live in acity with a
tenancy rent control law in which every landlord, except one, charges avery high rent. The one
exception is your landlord who charges alow rent of R¢. Supposeif every landlord charged R¢
you would have adopted the short-staying life style (involving moving every time you got a better
job). What will you do when only your landlord charges R¢? There seems little rational
motivation for you to adopt the short-staying life-style. In fact, since you know that higher rents
exist everywhere else, you will have an extra reason to stay put where you are.

This assumption is crucial to our model and it is worth clarifying that it is based on
intuition, which is external to our model. We, however, believe that it is a tenable assumption, and
hope that future work will be able to derive this postulate (c), from more basic axioms.

Fig. 3 considers the case in which al landlords charge the same rent R and the thick line

shows each landlord’ s expected life-time rental income, V(R). Note that if

RER® (Wl- Wz)/(vl- v2),all tenants are of type 1 and if R>R, all tenants are of type 2.
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Fig. 3: Equilibria with Endogenous Types

Now suppose (asin section I11) alandlord’ s cost of leasing out an apartment is C (as
shown in the figure). To fix our attention on the interesting case we consider one where the
horizontal line at C intersects V(R) more than once (at rents R_ and Ry). Unlike in section 111,
here both R. and Ry constitute competitive equilibria or, equivalently, uniform Nash equilibria. It
isobviousthat R isan equilibrium. So consider the case where the market rent is Ry,.
Landlords profits are zero, but it seems, at first sight, that an individual landlord can do better by
charging alower rent--anything between R_ and R. Suppose one landlord does so and charges

RT (R_,R]. Shewill have no problem getting atenant of course. However the tenant who

moves in will not behave like atype 1 tenant, because if he gives up this tenancy thereis no



28

reason for him to expect that he will again find an apartment for rent R. Hence, the deviating
landlord’s expected profit will be Rv,-C. Thisis non-positivefor RT (R, R]. Sonoone

benefits from deviating from Ry, which is a competitive equilibrium. For aformal game-theoretic

argument we have to merely cite assumption (c) above to explain why it does not pay to undercut.
The argument that explains the possibility of multiple equilibria given tenancy rent control

is based on the assumption that there are limits to the number of apartments a single landlord can

offer (for smplicity assumed to be one in this paper). If alandlord could under cut Ry by offering
R¢l (R L ,ﬁ] and supply alarge number of apartments at that rent, she may be able to cause

tenants to ater their life's strategy from being long-stayers to short-stayers. In other words (c)
would then no longer hold, and so Ry would cease to be a uniform Nash equilibrium. But in any
metropolitan city it does seem reasonable to assume that no single landlord can cause such alarge
infusion of apartments as to induce tenants to ater their life strategy.

Finaly, if thereis no rent control, clearly then Ry will cease to be an equilibrium, because
landlords can write type-contingent contracts, So alandlord can deviate to arent such as R and
make it contractual on the tenant quitting after t; periods. It iseasy to see that the only
equilibriumisa R_inFig. 3.

The upshot is that, under tenancy rent control, both Ry and R, are equilibria, whereas
under the free contract system only R, is. Suppose rent control isin effect and it is the bad
equilibrium, i.e. Ry, that prevails. In comparison to this, no-rent-control is not only Pareto

efficient but it is Pareto dominant. The removal of rent control will result in al rents going down.

VI. Extensions: Turnover Costs, Signals and I dentity
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In this section we explore two extensions to our model: one in which the landlord incurs
turnover costs, and the other where landlords are able to tell something about the expected tenure
of apotential tenant by identifying the group to which the potential tenant belongs.

Turnover costs are common in the rental housing market and typically consist of cleaning,
repainting and renewing worn out appliances upon vacancy. Let us consider the case where there
exists afixed turnover cost, which the landlord has to pay each time atenant vacates an
apartment. In this case, every time atenant leaves, the landlord has to incur a transaction cost of

f (the qualitative results are unchanged whether the turnover costs occur at the start of atenancy
or theend). Thenin (1) we need to add the term - d''f to the right-hand side and that will mean

(2) would be:

_1- (bd)" duf
ViT - d)d- bd)  1- d

(8)

The hat on the v; isto mark out this general case. In other words, v; is the present value
of income earned by alandlord if she charges anomina monthly rent of $1 in real terms for every
new tenant, gets only tenants of typei and incursacost of f every time atenant quits. We define
the cost term of (8) as:

o d"f
bo1-d"

9)
Itiseasy toseethat F; <F,, forali>j. Thereforethereisnow atension between the benefits

to the landlord from a short-stayer, that rents are not eroded as much as with along-stayer, and
the costs, that turnover costs are incurred more frequently. This can lead to even more types of

tenants being kept out of the market. Define F ;, as expected present turnover costs to the

landlord when all tenants of typei or above make themselves available to the landlord as tenants.
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We can then write V ;, asv) - F ;. If therentis R and only tenants of typei and higher seek

tenancy, the landlord’ s present value of income from leasing out one apartment is given by Rv; -

F ¢ - Thisfollows from (6), (9) and (13). It is now easy to see that with this specification it is no
longer generally truethat if i <j, ¥, >V ;, and so from the landlord’s point of view the shortest

stayers are no longer necessarily the ideal tenants.

The tension between the desirability of oft-reset rents and undesirability of frequent
turnover costs can potentially alter the equilibrium from section 111. Shorter stayers are likely to
be excluded from the rental market by landlords who want to avoid frequent turnover costs. They
accomplish this by setting rents high enough so that short-staying tenants exit the market.
Therefore turnover costs can lead to the exclusion of tenant types that would not have been
excluded in the absence of these costs.

In redlity tenants are not as faceless as assumed in the model. People differ by race, age,
profession, nationality, and so on. Some of these may give a potential landlord a hint of how long
or short-stayer the tenant islikely to be. A person of adifferent nationality with atemporary visa
cannot be along-stayer. Landlords may trust people of a certain age group or a certain race
more. Inthat case, at the time of leasing they can ask such tenants how long they plan to stay and
put greater trust in the answer than they would with other kinds of tenants. Landlords may aso
believe that certain groups of tenants are more likely to leave when asked to do so. They will
then prefer tenants belonging to such a group.

The examples that we have given above are a mixed basket of inherent characteristics and
signals which atenant can choose (e.g. his profession). For reasons of simplicity let us consider
the case of inherent characteristics. Suppose people belong to several different races, A, B, C, ...

The expected length of stay of atenant differs depending on which type oneis and thisis known
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to landlords. So though, within each category, there are short-stayers and long-stayers, on
average A may be the shortest stayer; followed by B, C and so on. In such a market what we will
expect to seeisavariety of rents. These will be contingent on the tenant’s race.

Thus, our model predicts that people in a profession which is known to involve transfer
and moving, or belonging to some identifiable group that is known to be footloose, will be found

paying alower rent than those who are known to sink roots in one place and settle down.

VIl. Conclusion

Rent control laws have been enacted in many countries around the world, making them
one of the most popular public policy prescriptions among metropolitan governments.
Unfortunately, knowledge of the effects of tenancy rent control (which is one of the most
pervasive forms of rent control) is inadequate, especially in the context of positive inflation. This
paper constructed a model of tenancy rent control and showed that this kind of rent control
system, with asymmetric information and exogenously given tenant types (the ‘type’ of atenant
being identified in terms of how long a tenant expects to stay in the same apartment), lead to
outcomes that are Pareto sub-optimal. Free contracting, however, allows the agents in this model
to overcome the asymmetric information problem. The paper then studied a model in which how
long atenant stays in one place is decided by the tenant on the basis of market signals. This
captures the fact that many agents make lifestyle choices depending on the conditions of the rental
housing market. Endogenizing the tenant’ s type gives rise to the possibility of multiple equilibria
in our model. Removal of rent control laws can not only increase efficiency in the rental market,
but can also lead to a general lowering of rents, making all tenants better off.

A number of empirical implications arise from our model. Since landlords cannot write

departure date contingent contracts or have a rent escalation clause included in the contract, the
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landlord must set initial rents higher to compensate for the erosion of real rents suffered during
occupancy. This should lead to across-the-board higher rents in rent-controlled apartments that
are being offered on the market (vacant apartments) than comparable offerings in non rent
controlled cities (as found in Nagy, 1997). One would also expect to find evidence of atenure
discount in rent controlled cities (asin Nagy, 1997, and Borsch-Supan, 1986), where tenants who
have rented the same apartment for many years pay considerably less in rent than do tenants who
have only just recently taken possession of an apartment.*® Some recent research (see Olsen,
1990) suggests that the construction of new housing need not be any less frequent in arent
controlled city. However, in our basic model, as certain types are excluded from the rental
housing market, the supply of rental housing in the rent controlled market islikely tofal. In
addition, if increased inflation were severe enough to cause the exclusion of even more types (as
in section 1V), then the supply of rental housing would fall as well.

An important implication of the model is that rent control might decrease the mobility of
the labor force. As sitting tenants are reluctant to move from a rent-controlled apartment, they
are less likely to accept a higher paying job in another city. Therefore, empiricaly, we would
expect to find that the average tenure of rentersis higher in rent-controlled cities (asin Nagy,
1997, and, to some extent, in Olsen, 1990), and that rent control reduces tenant mobility (asin
Nagy, 1995, and Ault, et al., 1994). In fact, Nagy (1997) presents empirical findings that are
directly in line with our model. He studies New Y ork City apartments under the post-1974 rent
stabilization scheme and finds that in 1981, rent stabilized apartments had higher initial rents than
non-stabilized apartments. Six years later, for those tenants who remained in the same apartment

in both sectors, those in the stabilized sector paid lower rents. In addition, tenantsin the

1% Tenure discounts may also occur in non-rent controlled areas as well, however the empirical evidence is mixed.
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stabilized sector had longer tenure durations than tenants in the non-stabilized sector. Thus, the
received empirical evidence generally supports these hypotheses, drawing a picture remarkably
similar to the one that is implied by our model, but the scarcity of detailed empirical evidence
suggests that there is still work to be donein this area.

Our model aso drew attention to some systematic relations between rates of inflation and
rental rates for property under tenancy rent control. These are testable propositions but evidence
onthisis hard to come by. It ishoped that our model, by clarifying the theoretical link between
inflation and rent, will prompt researchers to collect and empirically verify the clams that arise
from this theory.

From the above set of results, it is easy to get the idea that the optimal policy solution isto
free the rental housing market of all government restrictions. We caution the reader from
extending this logic too far, however. Aswe discuss earlier in the paper, free contracting in the
rental housing market, in the sense that we use it, does entail certain important responsibilities on
the part of government. The government provides the framework in which contracts are
enforced, and though in our model the absence of rent control was associated with a system of
free contract, there will in reality be three important kinds of limits on the range of contracts
alowed. First, since every society considers certain kinds of activitiesillegal, a contract that
specifies the use of someillega activity would naturally not be recognized even of both parties
voluntarily agreeto it. A contract which entails the landlord killing a tenant who fails to pay the
rent would belong to this category. Second, a contract which adversely affects an uninvolved
‘third party’ (that is, someone who is not a signatory to the contract) would be considered illegal.

Finally, what one has to keep in mind is that, in this age of lawyers, contracts can soon become so

See Guasch and Marshall (1987).



complicated that it becomes virtually impossible for the signatories to fully understand what
exactly they are agreeing to. In such a scenario, the more savvy can ‘trap’ the othersinto
transactions that they would not have got into if they understood the full ramifications of the
contract. To prevent this from happening, a practical response is to set some broad limits to the
range of permitted contracts. To the extent that rent controls are themselves partly the
consequence of awell-meaning attempt to restrict the range of contracts, one has to exercise
commonsense when limiting the terrain of possible contracts. What our model suggestsis that the
class of possible contracts should include rent escalation clauses, tenancy termination clauses and
in general, contracts involving terms which are departure date contingent. This freedom of choice
allows tenants and landlords to overcome the asymmetric information problem and reaches not
only Pareto efficiency but may result in across-the-board lower housing rentals than what occurs

in the presence of rent control.
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Appendix A: Proofs of Lemmas

Proof of Lemmal  We shall, without loss of generdlity, assumethat t; = ti.1. Let vi* bethe

present value of rents earned by a landlord whose first k tenants are of typei and al others of type

j. (Hence,vi°=v;)
We first show that v;* > v;. Clearly,

vi'=1+bd+(bd)®>+ - +(bd)"t+dv, (11)

Sincet; = ti.1 , and given (3) and (1), we have

T
|

vty = d'v, - (bd)" - d""v,
= d'[@- d)v, - b
gl D
= (- dd" e - g
t
' . : 12
It is easy to see Vi>1 4 (12)
The right-hand term is the present value of the stream [bti,bti, ],whilevj is the present
value of the sequence [Lb,b?, - b“1bb? - ,b"1 - | Thelatter

sequence dominates the former, term by term. Hence, (12) istrue, and, therefore, vi* > vi.

It is easy to check, v > v**, " k, and that limv.* =v.. Itfollowsthatv;>v;, W
J J koy | i J

Proof of Lemma?2 Note that, for all k,

v, =1+bd+(bd)*+ - +(bd)"*'+d"v,
or

1+bd+(bd)2+ - +(bd)"*=(1- d¥)v,
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Substituting thisin (4), we get

e
n & N
8 & la- dvy,
K= éa pji
=i @
Vi =
(1) P2 O
n N
1_ é g npk ;dtk
K= éa pji
=i @
é_ p(1- d' Vi
or Vi = o (13)

1l
=~
1l

Qo5
©
1
fe-
©
~
o
7::’

It isworth noting that if the term vy was not there on the right-hand side of (13) then the right-
hand side would be equal to 1. Hence, v, is clearly aweighted average of vi, Vis4, ..., and v,.. Itis
aso evident that if j > i, v is gotten from v, by redistributing some of the weights away from v,

oy Vnto Vi, ..., Vi1 Since, for all k <j, v >v; (by Lemmal), it followsthat v >vg. B

Proof of Lemma4  From (1) it is obvious that

- d% v, () =1+bd+ (bd)> + -+ (b (14)

Writing the expression for vy derived in the proof of Lemma 2, with the dependence on b made

explicit, we have:
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By ingpecting (14) it is obviousthat b¢ < b implies v, (b9 < v, (b), for al k. From (15) it
followsthat v, (b9 < v (b). |

Proof of Lemma5  Assume b¢< b. From (15) itisclear that if

Vi _vi®) g ks, (16)
vi(b9 v,(b)

then the proof of the lemmais complete. The remainder of this proof is therefore devoted to
establishing (16).
Letk>i. Define me t, - t,. Clearly m3 1. From (2) it follows that

V) _ 1-d' 1-(bd)"" 1 (bd)" T
v, (b) 1- d"*™  1- (bd)" 1- (bd)"

By differentiating the right-hand term with respect to b it can be checked that as b fals, the term

becomes smaller. Hence, (16) isproved. N
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