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1 Introduction

The importance of literacy in the process of economic development of a so-
ciety is well recognized. The standard measure of literacy of a society is the
percentage of literates in the adult population, called the literacy rate. This
measure has been the subject of careful scrutiny in recent years. Basu and
Foster (1998) have argued that literates in a household provide a positive
externality to the illiterates in that household. Thus, an illiterate person in
a household which has some literate person, is more literate than an illiterate
person in a household which has no literate person. Consequently, the per-
centage of literates in a household does not truly capture the literacy of the
household. Some account needs to be taken of those illiterates who benefit
from the presence of literates in the same household.

New indices of literacy have been proposed, taking this aspect into ac-
count, by Basu and Foster (1998), and Subramanian (2001), among others.
They differ in the specification of the nature of the externality. Recently,
Valenti (2002) has completely characterized the class of externality functions
which are consistent with a set of reasonable axioms on a literacy index. In
comparing the literacy of two societies by literacy measures (which obey such
a set of axioms), one might get conflicting results, depending on the exter-
nality function that has been specified. That this is not just a theoretical
issue but one of practical significance is demonstrated in Valenti (2002) by
looking at some literacy data of South Africa.

This paper is primarily concerned with the issue of characterizing the
situations in which all the literacy indices, consistent with a set of reasonable
axioms, would provide the same ranking of societies. That is, I am interested
in characterizing those comparison situations, in which the literacy rankings
are independent of the particular choice of the externality function. It will
be shown that a theory, analogous to that developed for the Lorenz order in
the study of income inequality, can be obtained in the study of literacy.

To indicate a flavor of the kind of comparisons that might be settled
unequivocally, we present a simple example. Let us denote a household by a
vector (r,n) of two integers, the number of literates (r), and the total number
of persons in the household (n).! A society is a collection of such households.

1One would typically count only the adult members of the household, and I take this
for granted henceforth, without further mention of the word “adult”.



We compare two societies, A and B, which are defined as follows:
A= {(Tla nl)a (T27 n2>7 (T37 n3>} = {(37 10)7 (47 10)7 (67 1())} (11>

B = {(Tllv n,1>7 (T;a n,2>7 (Té,né)} = {(17 10)? (5a 10)? (77 1())} (1'2>

Notice that there is no obvious sense in which society A can be called
more literate than society B, or the other way round. It is not true, for
example, that every household in society A is more literate (in the sense of a
higher literacy rate, or equivalently in the sense of having a higher number of
literates, since each household in each society has exactly the same number of
persons) than every household in society B, or the other way round. It is not
even true that such a dominance holds in the sense that, after ordering the
households in each society from the least literate to the most literate (they
are already presented in (1.1) and (1.2) so ordered), household k of society A
is more literate than household £ of society B, for k£ = 1, 2, 3, or the other way
round. Nevertheless, we will show that every literacy index, consistent with
the set of axioms mentioned above, would rank society A at least as high as
society B. This follows from the simple observation that the vector of literacy
rates of society A, (0.3, 0.4, 0.6), super- majorizes the vector of literacy rates
of society B, (0.1, 0.5, 0.7); that is, 0.3 > 0.1, 0.3 + 0.4 > 0.1 + 0.5, and
0.3+04+06=01+05+0.7.

The theory, which allows us to make such comparisons, is somewhat more
complicated than the example might suggest. The complications arise from
two sources. First, the total number of persons in the two societies need
not be the same. Second, even if they were, the number of persons in each
household (in either society) need not be the same. But, these aspects can
be readily accommodated (as we shall see below) by defining the vectors to
be compared for each society appropriately.

The axioms on literacy indices are formally presented in Section 3, along
with a discussion which compares them to similar axioms presented in the
literature. The basic theory of unequivocal literacy rankings is presented in
Theorem 1 of Section 4. What is crucial for the theory is the result that
the literacy axioms restrict the class of acceptable literacy indices to those
for which literacy of a household is a “concave” and “monotone increasing”
function of its literacy rate.’

2The quotes are to remind us that the domain of the function is not an interval, unlike
the usual setting for concave and monotone functions on subsets of the real line.



We view this result as an extension of the standard mathematical theory
relating gauge functions to convex functions. KEquipped with this result,
one can develop a theory of super-majorization along the lines of the well-
known Tomic-Weyl theorem. The standard theory cannot be directly applied,
because the number of literates or illiterates in a household are integers, and
so variables like literacy rates take on rational values only. Thus the natural
domain of measures of literacy of societies is not a convex set. The relevant
material, covering this technical part of the paper, is presented in Section 2,
and the proofs of the results of Section 2 are presented in Section 6.

Section 5 presents a characterization of the class of externality functions
consistent with the set of axioms proposed in Section 3. An alternative char-
acterization, due to Valenti (2002), is also discussed. Her characterization
result is compared to ours through two propositions. These are based on two
technical lemmas, the proofs of which are again presented in Section 6.

It would appear from our analysis that the crucial variable of interest
in literacy rankings, even after taking the externality aspect of literacy into
account, is the literacy rate, although now at the micro-level of the household.

2 Preliminaries

2.1 Super-Additive and Concave Functions

In the standard mathematical theory of convex functions, it is known that
gauge functions defined on convex cones are also convex functions (see, for ex-
ample, Rosenbaum (1950), Green (1954), and Roberts and Varberg (1973)).
Thus, for example, if F is a gauge function on R% (that is, F' is sub-additive
and homogeneous of degree one), then F is convex on R? . This means that
the function f(z) = F(z,1) is a convex function of z, for z > 0. A similar
theory can be developed for functions, defined on a subset of M2, where M
is the set of non-negative integers.?

Let N denote, as usual, the set of natural numbers {1,2,3, ...} , and let Ml
denote the set {0,1,2,3,...} . We define the set X = {(z,y) :x e M,y e N,
and = < y}. Let Q denote, as usual, the set of rational numbers. We denote

3Properties of such functions, discussed below, are called by familiar names such as
“homogeneity of degree one”, “super-additivity”, even though the domains are restricted.
This is deliberately done to show the similarity of the theory presented here to the one

usually developed for domains not so restricted.



by Q. the set of non-negative rational numbers {z = p/q , where p € M ,
and ¢ € N} | and by Y the set QN [0, 1]; the set QN(0, 1) is denoted by Y.

Let F' be a function from X to R . Consider the following properties,
which may be satisfied by such a function:

Homogeneity of Degree One(H): If (z,y) € X, and ¢t € N, then
F(tx,ty) = tF(z,y).

Super Additivity(SA): If (z,y) € X, and (2/,y') € X, then F(x + ',y +
y') = Fz,y) + F(z',y).

X-Monotonicity (XM): If (z,y) € X, and (2/,y) € X, with 2’ > z, then
F(z',y) > F(z,y).

Origin and Scale(OS): F(1,1) =1, F(0,1) = 0.

Given any F': X — R | satisfying H, we can define f : Y — R as follows:

f(z) =F(p,q)/q where z=(p/q),with (p,q) €X (2.1)

Note that the function, f, is well-defined by (2.1). For, if z = (p/q), with

(p,q) € X, and if z is also equal to (p'/q¢’), with (p/,¢’) € X, then we have
F',d)/d = qF(p',qd)/qd = F(ap',qq')/qd (by H) = F(pq',qq')/qd" =
¢ F(p,q)/qd (by H) = F(p,q)/q -

Suppose F' : X — R satisfies properties H, SA, XM and OS. We can
show that the function, f : Y — R must satisfy the following properties?:

Concavity(C): If 2,2/ € Y ,and t € Y , then f(tz+ (1 —t)2') > tf(2) +
(1 =) ().

Monotonicity(M): If z, 2’ € Y , and 2’ > z, then f(2') > f(z).

End Point Condition(E): f(0) =0 and f(1) = 1.

Conversely, given any f : Y — R, we can associate with it a function,
F : X — R, defined as follows:

F(p,q) =qf(p/q) where (p,q) €X (2.2)

4Here, as indicated in an earlier footnote, the names “concavity” and “monotonicity”
are deliberately used, even though the domain of f is not an interval of the real line, unlike
the usual setting for concave and monotone functions of a real variable.




If f: Y — R satisfies the properties C, M and E, then we can show that

the associated function, F' : X — R, defined by (2.2), satisfies properties H,
SA, XM and OS.

We summarize the above discussion, for ready reference, in the following
proposition.

Proposition 1 (i) Suppose F : X — R satisfies properties H, SA, XM and
OS. Then, the function, f : Y — R, defined by (2.1), satisfies properties C,
M and E. (ii) Suppose f : Y — R satisfies properties C, M and E. Then,
the function, F : X — R, defined by (2.2), satisfies properties H, SA, XM
and OS.

2.2 Majorization Theory

In the standard theory of convex functions, defined on convex subsets of the
real line, the class of functions which are convex and monotone is of special
significance, because a very useful majorization theory can be developed for
it. The main result of this theory is known as the Tomic-Weyl theorem:;
see, for example, Mitrinovic-Vasic (1970, p.165) for this result, as well as
some of the important variations of it. Something similar can be achieved
for functions, f : Y — R , which satisfy properties C and M. We summarize
this theory by stating three lemmas, followed by a Proposition.

The three lemmas are analogous to the basic results for concave functions
defined on an interval of the real line; see, for example, Nikaido (1968, The-
orem 3.15, p.47) for purpose of comparison. The first lemma relates to the
comparison of slopes of chords.

Lemma 1 Let f : Y — R be a function satisfying property C. Then:

(i) If a,b,c €Y, and a < b <c, then [f(b) — f(a)]/[b—a] > [f(c) — f(a)]/[c — al.
(it) If a,b,c € Y, and a <b < ¢, then [f(c) — f(a)]/[c —a] > [f(c) — f(b)]/[c —b].
(i1) I f a,b,c € Y, and a < b < ¢, then

[

(b) = f(@)]/Ib—a] = [f(c) = f(@)]/lc —a] = [f(c) = F(b)]/]c — ],

The second lemma is analogous to the result for concave functions (defined
on an interval of the real line) that the right-hand derivative is well-defined
in the interior of the interval and is non-increasing.



Lemma 2 Let f : Y — R be a function satisfying property C. Then, the
function, g : Y — R is well-defined by:

gly) = lim {[f(y +2) — f(y)l/e} (2.3)

y+e€Y

Further, g 1s monotone non-increasing on Y.

The third lemma is analogous to the result for concave functions (defined
on an interval of the real line) comparing the slope of a chord with the (right-
hand)derivative at an end-point of the chord.

Lemma 3 Let f : Y — R be a function satisfying property C. Then for
reY,yeY, we have:

f@) = fly) <gly)(z—y) (2.4)

The above lemmas, together with Abel’s inequality, can be used to es-
tablish the result (in our context) analogous to the Tomic-Weyl theorem of
majorization theory, which we now proceed to state.

Proposition 2 Let z and 2’ be vectors in Y™, such that z; < zo < ... < zp,
and z; <z, < ... <z . Let f: Y — R be a function satisfying properties C
and M. Suppose, for each integer k € {1,2,...,n}, we have:

Z z; < Z z; (2.5)
Then, we must have:

_Z fl) < Z (=) (2.6)

Remark:

In Proposition 2, if there is a strict inequality in (2.5) when k = n, then we
can infer that (2.6) must also hold with a strict inequality, by using property
M of the function f.



3 Literacy Indices

3.1 Decomposable Literacy Indices

A household is a pair (r,n) € X . Here n is to be interpreted as the total
number of individuals in the household, and r is to be interpreted as the
number of [literate individuals in the household. Thus, s = r — n is the
number of illiterate individuals in the household.

A society is a (non-empty) collection of households; a society consisting
of m € N households is denoted by the set {(r1,n1), ..., (Tm,m)} -

A literacy index is a function from the set of all possible societies to the
reals. To formalize this, we define the set of all possible societies to be:

U= ka (3.1)

and we define a literacy indexr as a function, L : U — R. We will confine our
attention exclusively to decomposable literacy indices; that is, those which
satisfy:

n
L{(r,m1), oo () }) = D (mi/m) L({(ri, mi)}) (3-2)
i=1
where n. = (ny + -+ +np) .

Given our restriction to decomposable literacy indices, it is clear that any
axiom system on literacy indices of a society can be expressed as an axiom
system on the literacy indices of the single-household society. This allows us
to focus on the micro-level, and see what reasonable restrictions one might
wish to impose on the literacy index of a household. We shall impose four
such axioms, and provide some justification for each one.

Remarks:

(i) The restriction of the exercise to decomposable literacy indices is a serious
one. There is little in the way of a theoretical justification for this restriction.
This is especially true in a context in which externalities of literates on illiter-
ates within a household is being emphasized, for the restriction rules out any
inter-household externality of literates on illiterates. One would think that
such externalities are prevalent, even when they are not formalized in the
institution of a school. Of course, formally, one can think of a “household”
more broadly as the unit in which the externalities are prevalent. But, this



creates problems in defining precisely the boundaries of “households”, and
therfore in using the theory on standard household data. From the practical
point of view, one might argue that decomposable indices are the only indices
which stand a chance of being used by policy makers.

(ii) The depiction of a household as a pair (r,n) hides a lot of relevant in-
formation about the household. For example, there is no special significance
attached to whether the father (or the mother) in the household is literate.
A whole range of policy issues which are tied to such aspects of the household
cannot, therefore, be addressed in our framework. However, the representa-
tion of a household as (1,3) in my notation (for example), conveys all the
relevant information that is conveyed by its alternative representation, used
in Basu and Foster(1998), as (0,0, 1) [or equivalently as (0,1,0) or (1,0,0),
using their Anonymity axiom] in which each 0 represents an illiterate and
each 1 represents a literate person in the household.

3.2 Axioms on Decomposable Literacy Indices

Consider a single household, with a single literate member (and no illiterate
member). If we compare this with a single household, with a single illiterate
member (and no literate member), it should be obvious that any reasonable
literacy index would pronounce the first one more literate than the second.
If we are to assign higher numbers for higher literacy, then any reasonable
literacy index would assign a higher number to the first household than to
the second. Our first axiom treats these two households as “benchmarks”
relative to which other households are evaluated, by assigning the number 1
to the first household, and 0 to the second household.

Axiom N (Normalization Axiom):

LH{(1,1)}) = LL{(0,1)}) = 0.

Consider, next, a comparison of one household, (r,n), with another house-
hold, (r',n), where the number of literates in the second household ( ')
exceeds the number of literates in the first household (r) , while the total
number of individuals in both households is the same. It should be obvious
that any reasonable literacy index should assign a higher number to the sec-
ond household relative to the first. This is the content of the monotonicity
axiom.



Axiom RM (Monotonicity Axiom):
If (r,n)eX ,and (r',n) € X, andr" > r, then L({(r',n)}) > L({(r,n)}).

We now come to an axiom, which might be viewed as an extension of
the idea that there is a positive externality of literates on the illiterates in
a household. Consider a society A = {(1,1), (0,1)}, with two households:
a household, consisting of a literate person, and no illiterate person, and
another household, consisting of an illiterate person, and no literate person.
Contrast this with a society B = {(1,2)}, consisting of a single household,
obtained by merging the two households of society A into one. The pres-
ence of positive externality of literates on illiterates in the same household
means precisely that a literacy index should assign at least as high a number
(possibly higher) to society B relative to society A.

Notice that the literate in the first household cannot have a positive
externality on the illiterate in the second household in society A. The de-
composability of the literacy index rules out an inter-household externality.
But, when the two individuals are part of the same household, as in society
B, then the illiterate can gain from the literate.

Thus, we might view the presence of a positive intra-household external-
ity as saying that L({1+0,1+1}) > L({(1,1),(0,1)}). Extending this idea,
we could say that if society C' consists of two households, and is described
by {(r1,m1),(ra,n2)}, and society D = {(r1 + 72),(n1 + na)} is obtained
by merging the two households of society C' into one, then we should have
L(D) > L(C); that is, L({(r1+72), (n1+n2)}) > L({(r1,n1), (ra,n2)}). After
all, the single household society of D can always function like two households
living under one roof; that is, without any interaction between the literates of
the first household (71) and the illiterates of the second household (ny — r2),
and without any interaction between the literates of the second household
(r9) and the illiterates of the first household (n; —ry). But, in general, there
is the possibility of these positive interactions in society D, which are absent
in society C. That is, society D is capable of doing everything that society
C' is capable of doing, in terms of positive effects of its literates on its illiter-
ates, and possibly more. We formalize these ideas in the positive externality
axiom.

Axiom PE(Positive Externality Axiom):
If (ri,n) € X, and (rq,ne) € X, then L({(ry + 12),(n1 + no)}) >
L({(r1,n1), (r2,n2) })-

10



Our final axiom pertains to scale invariance. Consider society A, consist-
ing of a single household, with one literate, and no illiterate person. Contrast
this with society B, consisting again of a single household, with two literates,
and no illiterate person. We agreed to assign a literacy index of 1 to society
A (by Axiom N). It would seem reasonable to assign the same literacy in-
dex to society B. Similarly, society C, consisting of a single household, with
one illiterate, and no literate person, gets a literacy index of 0 by Axiom N.
And, it again seems reasonable to assign the same index of 0 to society D,
consisting of a single household, with two illiterates, and no literate person.
These are rather clear-cut cases of invariance of the literacy index to the scale
of the household in question (in a single-household society). The next axiom
postulates that such scale invariance holds for all single household societies.

Axiom SI (Scale Invariance Axiom):
If (r,n) € X, and k € N, then L({(kr,kn)}) = L({(r,n)}).

Remarks:

(i) The usual statement of the normalization axiom (in Basu and Foster(1998)
and Valenti(2002)) is stronger than our Axiom N, asserting that if n € N |
then L({(n,n)}) =1, and L({(0,n)}) = 0. That is, it combines our Axiom
N with a scale invariance property for some particular single household so-
cieties.

(ii) The Monotonicity Axiom is basically the same as the one used in Basu
and Foster(1998) and Valenti(2002).

(iii) Axiom PE and Axiom SI are combined into one axiom, called the
Equality Axiom, in Valenti (2002). I have found it more useful to separate
the two. This makes Axiom PE acceptable, if one does believe in the pos-
itive externality of literates on illiterates in the same household. And, it
makes Axiom SI acceptable, if one believes that a literacy index should be
a relative (not an absolute) index. The interpretation given in Valenti (2002)
for the Equality Axiom is somewhat different from that provided in the dis-
cussion above. Valenti (2002) would also assert a strict inequality in Axiom
PE, when (ry,n1) is not proportional to (73, n). This stronger requirement
rules out some literacy indices that I wish to accomodate. This is discussed
in greater detail in Section 5.

(iv) The externality axiom in Basu and Foster(1998) implies Axiom PE,

11



but is stronger. The first part of their externality axiom also implies Axiom
SI.

4 Literacy Ranking of Societies

Recall that we defined the set of all possible societies to be:

U= ka’
k=1

and a literacy index as a function from U to the reals. We now show that,
given a decomposable literacy index, L : U — R which satisfies Axioms
N,RML,PE and SI, there is a function f : Y — R satisfying properties C,
M and E, such that for any society {(r1,n1), ..., ("m,nm)} € U, we have:

n

L({(rism), e, Py ) }) = D (ni/n)f (rifmo) (4.1)

i=1

This will allow us to use our majorization result, developed in Proposition 2
of Section 2, on the literacy index, L.

To this end, given a decomposable literacy index, L : U — R, let us
associate with it a literacy measure, M, defined on U by:

M{(ri,n1)y ooy (P ) }) = LE(r1, n1)y ooy Py ) P (01 + -+ - + 1) (4.2)

Thus, M is also a real-valued function on U . Since L is decomposable (that
is, it satisfies (3.2)), M must be additively separable; that is, it must satisfy:

m

M{(r1m), e Py ) }) = D M({(rs,m)}) (4.3)

i=1

We now proceed to infer properties on the literacy measure, M, associated
with a decomposable literacy index, L, which satisfies Axioms N,RM,PE
and SI. Using Axiom N, it follows that:

M{(1,1)}) =1, M({(0,1)}) =0 (4.4)
Using Axiom RM, it follows that:
If (r,n)eX, and (r',n) € X, then M({(r',n)}) > M({(r,n)})  (4.5)

12



Using Axiom PE, and the additive separability of M, we can infer that:

If (ri,m1),(re,me) € X, then
M{(r1 + 72,1 +n2)}) = M({(ri,m)}) + M({rz,n2)})  (4.6)

Finally, using Axiom SI, we can deduce that:
If (r,n) e X and k € N,then M({(kr,kn)}) =kM({(r,n)}) (4.7)
Let us now define a function, F': X — R by:
F(r,n) = M({(r,n)}) (4.8)

Notice that the domain of F' is X , while the domain of M is the set of all
societies, U; F' is defined by restricting the domain of M to single-household
societies. It now follows readily from (4.4),(4.5), (4.6) and (4.7) that F,
defined by (4.8), satisfies properties H, SA, XM and OS of Section 2.1.

Thus, as indicated in Section 2.1, there is a well-defined function, f : Y —
R , which satisfies:

f(2) = F(p,q)/q where z =p/q, and (p,q) € X (4.9)

Further, f satisfies properties C, M and E of Section 2.1 by Proposition
1. Clearly, (4.8) and (4.9) imply that [M({(r,n)})/n] is a function, f, of
the single variable (r/n), and that this function, f, satisfies properties C, M
and E. But, by (4.2), [M ({(r,n)})/n]is L({(r,n)}), and so any decomposable
literacy index, L, satisfying the axioms N,RM,PE and SI can be written

as:
n

L({(Tla nl)a ceny (Tma nm)}) = Z (nz/n>f(rz/nl>
i=1
where n = (ny +-+-+n,,), and f: Y — R satisfies properties C, M and E.
We can now state and prove the principal result of this paper on literacy
rankings.

Theorem 1 Let L : U — R be any decomposable literacy index satisfying

Axioms N, RM, PE and SI. Consider two societies, A = {(r1,n1), ..., (T, M) }
and B = {(r},n}), ..., (r,,n)}. Let n = (ny+---+np), andn' = (n] +-- -+

13



n,). Define two vectors, x and y, in Y™ as follows:

z=((ri/m), ..., (r/m), (ra/ma), ..., (ra/n2), ..., (rm/mm), - . (T /Tm)

n’nlzmes n’ng?imes n’n,,:,times
y=((ry/nh), ..., (1 /nh), (rh/n), ..., (rh/ny), ..., (i /my), o (/)
nn} ;,imes nn’, ;,imes nn’mvtimes

(4.10)

Denote by & the increasing rearrangement of x, and by y the increasing re-
arrangement of y. Assume that, for each K € {1,...,nn'}, the following
inequalities hold:

K K
S @Y b (4.11)
i=1 i=1

Then, we have:

L({(Tla nl)? s (va nm>}> > L({(Tlla n,1>7 i) (T‘,{C,Tl;)}) (4'12)

That is, society A is at least as literate as society B, according to the literacy
index, L.

Proof. Given (4.11), we can apply Proposition 2 of Section 2 to obtain:

Z f(@ >Z £ (5 (4.13)

whenever f : Y — R satisfies properties C and M. This can be rewritten as:

Z (n'n;) f(r;/n;) Z (nnj) f(r;/n}) (4.14)

Dividing (4.14) by nn', we obtain:

Z (nj/n) f(ri/n;) ZZ /nj) (4.15)

j=1

Given the literacy index, L : U — R, we know that there is f : Y — R
satisfying conditions C, M and E, such that (4.1) holds. Thus, using (4.1)
and (4.15), we have:

L({(Tla nl)? s (va nm>}> > L({(Tlla n,1>7 ey (T‘,{C,Tl;)}) (4'16)

14



This means, of course, that society A is at least as literate as society B,
according to the literacy index, L. m
Remark:
In the example of Section 1, the vectors z and y , associated with societies
A and B respectively, are:
z=1z=(0.3,...,0.3),(04,...,0.4),(0.6,...,0.6))

J S S

300‘tirmes BOO;irmes BOO;gmes
g=y=((01,...,01),(0.5,...,0.5),(0.7,...,0.7))
BOOXmes BOO;irmes 300‘tirmes

Then, Z super-majorizes g if and only if the vector (0.3,0.4,0.6) super-
majorizes the vector (0.1,0.5,0.7), which it does, as checked in Section 1.
Thus, L(A) > L(B), as claimed in Section 1.

5 Externality Functions

5.1 A Characterization

Given a decomposable literacy index, L : U — R , satisfying the axioms
N,RML,PE and SI, we can associate an externality function with it in the
following way. Note that the literacy measure, M : U — R | associated
with L, satisfies (4.4)-(4.7). Consider any (r,n) € X . If r = n, then clearly
L({(r,n)}) =1=(r/n). And, if r = 0, then L({(r,n)}) = 0 = (r/n). Finally,
if 0 <r < n,then (n—7r) € N, and r € N, so we have M({(r,n)}) >
M({(r,r)}) +M{(0,n—r)}) [by (4.6)] = rM({(1,1)}) + (n—r)M({(0,1)})
by (4.7)] =r [by (4.4)], and L({(r,n)}) > (r/n). Thus, we have:

L{(r,n)}) > (r/n) for all (r,n) € X (5.1)

As noted in Section 4 above, associated with L is a function, f : Y — R,
such that L({(r,n)}) = f(r/n) for all (r,n) € X . We define the ezternality
function associated with L as:

e(r/n) = f(r/n) — (r/n) for all (r,n) € X (5.2)

Clearly, using (5.1), e is a function from Y to R, . Since f satisfies property
C, so does e. And, since f(0) = 0, while f(1) =1, we have e(0) = ¢(1) = 0.
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Note that e is mot a monotone increasing function on Y, but since f is a
monotone increasing function on Y, so is the function e(z) + z.

These three properties in fact characterize externality functions consistent
with decomposable literacy indices, satisfying axioms N,RM,PE and SI.
That is, if e is a function from Y to R, , which satisfies:

(i) e(0) = e(1) = 0,
(ii) e(z) + z satisfies property M on Y ,
(iii) e satisfies property C on Y,

then by defining;:
L{(r,n)}) =e(r/n)+ (r/n) forall (r,n) € X (5.3)

and :
LU{(ri,m1), -, (rm, i)} an/n ({(ri,n)}) (5.4)

for all {(r1,n1),...,(rm,nm)} € U, with n = (ny +---+n,,), one can check
that L is a decomposable literacy index, which satisfies axioms N,RM,PE
and SI. Of these, axioms N,RM and SI are easy to check. To verify axiom
PE, let (r1,n1) and (rq, n2) belong to X | and denote (n1 + ny) by n. Then,

L({(r1 +72), (m + m2)}) = e((r1 +7r2)/(n1 4+ n2)) + ((r1 +72)/(n1 + n2))
e((n1/n)(r1/n1) + (na/n)(r2/n2))
((n1/n)(r1/n1) + (n2/n)(r2/n2))
(n1/n)e(ri/n1) + (na/n)e(rz/ns)
((n1/n)(r1/n1) + (n2/n)(r2/ns))

= (n1/n)L({(r1,m)}) + (n2/n)L({(rz,n2)})

= L({(Tlan1>a (T27n2>}>

where the single inequality follows from property C of e, and the last two
equalities use (5.3) and (5.4).

+ IV +

Remarks:

(i) The traditional index of literacy, the literacy rate, arises by defining the
externality function to be: e(z) = 0 for all z € Y . Clearly, this e satifies
properties (i),(ii) and (iii) described above.
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(ii) The literacy index used by Basu and Foster (1998) arises by defining the
externality function to be: e(z) = a(1 — z) for z # 0, and e(0) = 0, where «
is a number in (0, 1). It is easy to verify that this e satisfies properties (i), (ii)
and (iii) described above.

(iii) The literacy index proposed by Subramanian(2001) arises by defining
the externality function to be: e(z) = z(1 — z). It can be checked that this e
satifies properties (i),(ii) and (iii) described above.

5.2 An Alternative Characterization

In this subsection, we compare our characterization result with that proposed
by Valenti (2002). This alternative characterization of the class of externality
functions consistent with a decomposable literacy index, satisfying axioms
N,RM,PE and SI can be developed as follows.

Lemma 4 Suppose h is a function from Q, to [0,1) , such that: (a) h(0) =
0, (b) h satisfies property M on Q,, (c¢) h satisfies property C on Q.. If
e: Y — R, is a function defined as follows:

O G 65

then: (i) e(0) = e(1) = 0, (ii) e(z) + z satisfies property M on Y, (iii) e
satisfies property C on Y.

Given Lemma 4, and using the characterization of the previous subsec-
tion, the following Proposition is immediate.

Proposition 3 Any decomposable literacy index, L, defined by:

(r/n) forr=mn

where h : Q, — [0, 1) satisfies (a),(b) and (c) of Lemma 4 above, must satisfy
axioms N,RM,PFE and SI.

L{(r,n)}) = { (r/n) +h(r/(n—7))[(n—7)/n] forr#n (5.6)

The interpretation of the functions e and h are as follows. If (r,n) is a
household, then the total externality generated (by the literates on the illit-
erates) is measured by e(r/n). If there are some illiterates in the household,
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so that s =n —r # 0, then h(r/s) = h(r/(n — r)) measures the externality
generated as a proportion of the fraction who are illiterate in the household®.
Thus, if the household is (2,3), then the fraction of the illiterates in the
household is (1/3), and h(r/s) = h(2) measures [e(2/3)/(1/3)]. In the termi-
nology of Valenti (2002), the function h itself would be called the externality
function, rather than the function, e.

Valenti (2002) is concerned with the class of externality functions (in
her terminology), h, which satisfy properties (a) and (b) of Lemma 4, and a
property stronger than property (c), which is analogous to “strict concavity”:

(c+) If 2,2 € Qu, with z # 2/, and t € Y, then h(tz+(1—t)z") > th(z)+(1—t)h (")

By Proposition 3, that class of functions will generate literacy indices, defined
by (5.6), which also satisfy axioms N,RM,PE and SI.

The converse of Proposition 3 is not true. As mentioned in the previ-
ous subsection, the traditional index of literacy, the literacy rate, arises by
defining the externality function to be: e(z) = 0 for all z € Y . Since this e
function satisfies properties (i), (ii) and (iii) of the previous subsection, the
corresponding literacy index defined by (5.3) and (5.4) will satisfy axioms
N,RML,PE and SI. However, the corresponding h function, defined implic-
itly by (5.6), must clearly satisfy h(z) = 0 for all z € Q. This h does not
satisfy property (b), and it also does not satisfy property (c+).

Similarly, the literacy index used by Basu and Foster (1998) arises by
defining the externality function to be: e(z) = a(l — 2) for z # 0, and
e(0) = 0, where « is a number in (0, 1).Since this e function satisfies prop-
erties (i), (ii) and (iii) of the previous subsection, the corresponding literacy
index defined by (5.3) and (5.4) will satisfy axioms N,RM,PE and SI. The
corresponding h function, defined implicitly by (5.6), must clearly satisfy
h(z) = a for all z € Q. Thus, this h violates property (b) and property
(c+).

Suppose L is a decomposable literacy index satisfying axioms N,RM,PE
and SI, and h is the function associated with it, defined implicitly by (5.6).
What properties must h satisfy 7 Our two examples above show that h need
not satisfy property (b). What can be shown is that A must satisfy properties

’Note that h(r/s) does not measure the externality per illiterate. For the household
(2,3), the externality per illiterate is e(2/3) itself, since there is only one illiterate, while

h(r/s) = h(2) = e(2/3)/(1/3).
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(a), (¢), and a weaker form of (b):
(b—=)If z,2' € Q4,and 2’ > z,then h(2') > h(z)
We can develop this result by first establishing the following lemma.

Lemma 5 Suppose e : Y — R, is a function such that (i) e(0) = e(1) = 0,
(ii) e(z) + z satisfies property M on Y, (iii) e satisfies property C on Y.
Then, h: Q. — R, , defined by:

h(w) = (1 +w)e(w/(1+w))

satisfies: (a) h(0) =0, (b-) If 2,2 € Q4,and 2’ > z,then h(2') > h(z),(c) h
satisfies property C on Q.. Further, h maps from Q4 to [0,1).

Given a literacy index L satisfying axioms N,RM,PE and SI, by the
characterization of the previous subsection, there is a function e from Y to
R, , satisfying properties (i),(ii) and (iii) stated there, and:

L({(r,n)}) = (r/n) + e(r/n) (5.7)

The corresponding function, h, from Q, to R, implicitly defined by (5.6),
must then satisfy:
h(w) = (1 +w)e(w/(1 +w)) (5.8)

Lemma 5 then immediately leads to the following result.

Proposition 4 Let L be a literacy index satisfying axioms N,RM,PE and
SI. Then a function, h, from Q. to R, implicitly defined by (5.6), must be a
map from Q, to [0, 1), with properties (a), (b-) and (c) of Lemma 5.

Remarks:

(i) Note that the functions, h, associated with the literacy rate and the Basu-
Foster literacy index (through (5.6)), discussed above, satisfy properties (a),
(b-) and (c), as they clearly should, since they satisfy the axioms N,RM,PE
and SI.

(ii) Valenti (2002) provides a complete characterization of externality func-
tions (in her terminology), h, consistent with her set of axioms on literacy
indices, in terms of properties (a), (b) and (c+). As is to be expected, given

19



the observations already made in this sub-section above, her set of axioms
is stronger than mine, leading to a more restricted class of literacy indices.
In particular, the literacy rate and the Basu-Foster literacy index cannot be
accommodated in her class of literacy indices as special cases. Specifically,
her axiom on equality is stronger than axioms PE and SI combined (as I
have already noted in Section 3).

(iii) Valenti’s characterization is in terms of functions (which I have denoted
by h ) defined on the ratio (r/s),the ratio of literates to illiterates in a house-
hold, rather than on (r/n), the literacy rate of the household. This makes
it difficult to see the literacy ranking result of Section 4 directly from her
characterization.

6 Proofs

In this section, the proofs of the mathematical results of Section 2 are pre-
sented.

Proof. (of Proposition 1): (i) Suppose F' : X — R satisfies properties
H, SA, XM and OS. Define the function, f : Y — R by (2.1). Then, we
have f(0) = F(0,1) = 0 and f(1) = F(1,1) = 1 by OS, so property E is
verified.

To verify property M, let z, 2’ € Y, with 2z’ > 2. Then there exist (p,q) €
X, and (p/,¢) € X, with 2/ = (p'/¢’), and z = (p/q). Then, we have q¢’ € N,
pq € M, p'q € M and pq’ < p'q < ¢'q. Thus, we can write f(2') = f(p'/¢) =
f'a/d'e) = F(p'a.da)/d'a > Fpd',qd')/ad = f(pd'/ad') = f(p/a) = f(2),
the inequality following from property XM of F.

To verify property C, let z, 2" € Y,and t € Y. Then there exist (p, q) € X,
(p',q) € X, and (s,r) € X, with z = (p/q), 2’ = (p'/q'), and t = (s/r). Then,
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we have:
spq’ (r —s)p'q
tz 4+ (1—1)7) =
fltz+ (1 —1)2") f(rqq,+ o )
spqg' + (r —s
Teiaats
rqq
= F(spq + (r —s)p'q,rqq’)/raq’
= F(spqd + (r —s)p'q,sqq + (r — s)qq')/rqq’
F(spq',sqq) + F((r — s)p'q, (r — s)qq’)

>
rqq’
_ saFpa)  (r—s)aF@.q)
rqq’ rqq’

= (s - oy L)

/r)———
(8/7") (p/Q) (1= (s/r))f(¥'/d)
tf(z) + (1= 1)f (<)

where property SA of F' is used to obtain the inequality, and property H of
F'is used in the very next line in the above computations.

(ii) To establish the converse, given any f : Y — R, satisfying properties
C, M, and E, we associate with it a function, F' : X — R, defined by (2.2).
Then, F(1,1) = f(1) =1, and F(0,1) = f(0) = 0, verifying property OS of
F.

To verify property H of F, let (z,y) € X, and ¢ € N. Then, (tz,ty) € X,

and F(tz,ty) = tyf(tz/ty) = tyf(z/y) = tF(z,y).
To verify property XM of F let (z,y) € X, and (2/,y) € X, with 2/ > x.

Then, by property M of f, we have F'(z',y) = yf(z'/y) > yf(z/y) = F(z,y).
Finally, to verify property SA of F) let (z,y) € X, and (2,%') € X. Then,

)

x4+
y+y

= (y+v)f((z/y)

_|_
yf(x/y) +y f(@'/y)
F(z,y) + F(z',y)

Fle+2y+y) = (y+y)f(

l

;+ (@ /y)——)

y+y

v

where property C of f was used to obtain the inequality in the above com-
putations. m
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Proof. (of Lemma 1): We will only prove (i). The proof of (ii) is similar;
(iii) follows directly from (i) and (ii). We are given that a,b,c € Y and
a < b < c. Then, there is a real number A € (0,1], such that b = (1—X)a+ Ac.
Then, A(c —a) = (b — a), so that:

b—a

c—a

A\ =

(6.1)

Thus, A must be a rational number in (0, 1]. Using property C of the function
f, we then have: f(b) > (1 — X)f(a) + Af(c), which can be re-written as:

Alf(e) = f(a)] < [f(b) = fla)] (6.2)
Using (6.1) in (6.2), and dividing through by (b —a) > 0, we get:
[f(e) = fla)] _ [f(b) = f(a)]
c—a) = (-0 (63)

This establishes (i). m

Proof. (of Lemma 2): For y € Y, we can pick § € Y, such that y—6 > 0,
and y+ 6 < 1. For all ¢ € Y, with ¢ < §, we have by Lemma 1,

) —fy—=8) _ fly+e)—f) (6.4)
5 = £

Also, by Lemma 1, the right-hand side expression in (6.4) is non-decreasing as
¢ decreases to zero. Since it is bounded above by the left-hand side expression
in (6.4), it must converge to a limit. Thus, g : Y — R, is well-defined by:

gly) = lim {[f(y +2) — f(y)l/e} (6.5)

y+ecY

Let y,z € Y with y < z. We can pick 6 € Y, such that 0 < y+6 < z <
z+6 < 1. Then, for all n € N, we have 0 < y + (6/n) < z < z+ (6/n) < 1,
and so by Lemma 1,

fly+(6/m) — fly) _ flz+(6/n) — f(2) (6.6)
(6/n) N (6/n)

Letting n — oo in (6.6), and using (6.5), we have g(y) > g(z). =
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Proof. (of Lemma 3): The result is trivial for z = y. So, we consider
two cases (i) x > y ; (ii) < y. In case (i), we can choose § € Y, such that
x >y + 6. Then, for all n € N, x > y + (6/n). Consequently, for all n € N,

we have:
flx) = fly) _ fly+(6/n) = fy)
3 B O o0
by Lemma 1. Letting n — oo in (6.7), and using Lemma 2, we have:
[T < o) (65

Multiplying through in (6.8) by (z —y) > 0, we get the desired result.
In case (ii), we can choose ¢ € Y, such that z < y—¢. Then, for all n € N,
x <y — (6/n). Therefore, for all n € N, we obtain:

fly) —f@) _ fly) = fly=(0/n) _ fly+(6/n)) = fly)
v—o = Gm S (69)
by Lemma 1. Letting n — oo in (6.9), and using Lemma 2, we get:
TO=22 2 o (6.10)

Multiplying through in (6.10) by (y — z) > 0, we obtain:

fly) = f(z) = g9(y)(y — z) (6.11)

Transposing terms in (6.11) yields the desired result. m

Proof. (of Proposition 2): We first show the result under the assump-
tion that z; € Y for all i € {1,...,n}. Then, we show that the general case
(without this assumption) follows easily.

Since z; € Y and 2z, € Y, we can use Lemma 3 to write, for each ¢ €

{1,...,n},
f(z) = f(zi) < 9(2:)(2 — 2) (6.12)
Summing over i € {1,...,n}, we get:
SIS ~ e < D gl - =) (6.13
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Using Lemma 2, we have:

9(z1) 2 9(2) = -+ = g(z,) (6.14)
Using the fact that f satisfies property M in Lemma 2, we also have:
9(z) >0 forie{l,...,n} (6.15)
Thus, we can use Abel’s inequality (Mitrinovic-Vasic (1970, p.32)) to write:
n k
!/ !/
D000 GH— ) < ot pmgs, D2 - =) (6.16)
By (2.5), we have:
k
!/
i, D= 2] <0 (6.17)

Thus, using (6.15) and (6.17) in (6.16), we have:

D9z —2) <0 (6.18)

Using (6.18) in (6.13), we obtain (2.6), the desired result.

Turning now to the more general situation, we see that the following cases
can arise: (i) z; € Y fori € {1,...,n}; (ii) z; = 0 for ¢ € {1,...,n}; (iii)
zi = 1 fori € {1,...,n}; (iv) there is 1 < p < n such that z; = 0 for
ie{l,...;,p}and z; = 1 fori € {p+1,...,n}; (v) thereis 1 < p < n
such that z; = 0 for i € {1,...,p} and z; € Y fori € {p+1,...,n}; (vi)
there is 1 < ¢ < n such that z; € Y for i € {1,...,¢q} and z; = 1 for
i€ {p+1,...,n}; (vii) there exist 1 < p < ¢ < n such that z; = 0 for
ie{l,....,p},zeYforie{p+1,...,qtand z; =1 fori e {g+1,...,n}.

We have already established the result in case (i). In case (ii), (2.5)
implies that 2z, = 0 for i € {1,...,n}, so (2.6) follows trivially. In case (iii),
2 < z; fori e {1,...,n}, so (2.6) follows from property M of f. In case (iv),
we have z, = 0 for ¢ € {1,...,p} by (2.5), while z; < z; fori € {p+1,...,n},
so (2.6) follows again from property M of f.

In case (v), we have z; = 0 for i € {1,...,p} by (2.5), so we can define
j=i—pfori=p+1,...,n, and m = n — p. Then, by (2.5), we have for

k=1,...,m,
Z z}SZ 2j

j=1 J=1
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so that by the analysis of case (i), we obtain:
YrE <D (=)
j=1 j=1

and this yields (2.6), since 2z} =z, =0fori=1,...,p.
In case (vi), using the analysis of case (i), we have:

Zf <Zfzz

and this yields (2.6), by using property M of f, since 2z, < z; = 1 for i =
qg+1,...,n

In case (vii), we have z/ = 0 for i € {1,...,p} by (2.5), so we can define
j=i—pfori=p+1,...,q, and m = ¢ — p. Then, by (2.5), we have for

k=1,...,m,
k
> 4 <

]:

<.
Mw
a

1

<.
Il

1
so that by the analysis of case (i), we have:

> 1)

j=1

Fﬂs

f(25)

1

<.
Il

This yields (2.6), by (a) using property M of f, and z; < z; = 1 for i =
q+1,...,n, while noting that (b) z/ =z, =0fori=1,...,p. m

Proof. (of Lemma 4): Property (i) of e being clear from (5.5), we
proceed to prove property (ii). Let z,z’ € Y, with 2’ > z. There are two
cases to consider: (I) 2’ =1, (II) 2/ < 1. In case (I), e(2') + 2’ = 1, from
(5.5), while e(z) + z = h(z/(1 — 2))(1 —2) + 2z < (1 — 2) + z (since z < 1,
and h(z/(1—=2)) €0,1) )= 1.

In case (II), we have:

e(z')+ 2 = h(Z/(1-2)

> h(z/(1-2))

— h(/(1-2)

= e(z)+z2+ (¢ —
> e(z) +

)1 =2+
(1-2)+

(1— z)+z+h(z/(1—z))(z—z')+(z'—z)
( "= 2)[1=h(z/(1=2))]
(

25



the first inequality following from property M of h and the fact that 2’/(1 —
2') > z/(1 — z) [using 1 > 2’ > z |, and the second inequality following from
the fact that h(z/(1 —2)) € [0,1) and 2’ > z.

We turn now to property (iii) of the function, e. Let 2,2 € Y, and let
t € Y. We will first prove the property, assuming that z and z’ are both
less than 1. Then, we will show that the property is also valid without this
assumption. When z, 2’ < 1, let us denote [1 — (tz + (1 —¢)2)] by A. Then,
we have:

A=t1—2)+(1—t)1-2) (6.19)

Then, we can write:

tz+ (1 —1)2)
A )A

tz(1—2) (1—-1)2'(1— z’)>

Al —2) A(1—2")

_ h(t(lA—z)liz+ (1—t)£1—z)1i2,>A

> [t(lA_Z>h(1iz>+ (1—t)£1—z)h(1iz,

= te(z) + (1 —t)e()

the inequality following from property C of the function, h, after using (6.19).

In the general case, where z, 2’ are not necessarily less than 1, we proceed
as follows. Define, for all n € N, z(n) = z if 2 < 1, and 2(n) = [n/(1 +n)]z,
when z = 1; similarly, define for all n € N, 2/(n) = 2’/ if 2/ < 1, and Z/(n) =
[n/(14n)]Z', when 2’ = 1. Then, z(n), z/(n) are both less than 1 for all n € N,
with z(n) < z and 2/(n) < 2’ for all n € N. Thus, we can write:

e(tz+ (1 —t)2') = h((

:h(

)IA

e(tz+ (1 —0)2)+[tz+ (1 —¢t)'] > e(tz(n)+ (1 —1t)2'(n))
+[tz(n) + (1 —)2'(n)]
> te(z(n)) + (1 —t)e(2'(n))
+[tz(n) + (1 —t)2'(n)]  (6.20)

the first inequality following from property (ii) of e (already established
above), and the second inequality from the above analysis of property (iii)
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of e, since z(n), z’(n) are both less than 1. The inequality (6.20) yields:
e(tz4+ (1—1)2") > te(z(n)) + (

> te(z) 4+ (1 —t)e(2))
+t(z(n) —2) + (1 —t)(2'(n) — 2) (6.21)

the second inequality following from the fact that e(1) = 0, while e maps to
R, . Now, letting n — oo in (6.21), we obtain the desired result. m

Proof. (of Lemma 5): Property (a) of the function h is clear from (5.8)
and property (i) of the function, e. We proceed to verify property (c) of h.
Let w,w’ € Q, , and let ¢ € Y. Define w” = tw + (1 — t)w’, and note that
w” € Q4 , and:

1+w")=t(l4+w)+(1—-t)(1+w) (6.22)

Clearly, we have [w/(1 4+ w)], [w'/(1 4+ w')], [w"/(1 + w")] in Y. Using
(5.8), we can write:

h(w") = e(w"/(1+w"))(1+ ")

wltw) | (—Ow+w) .,
e e e

_ itw) w  (-pitw) ,,

= Mrware T G+e) eyt T
t(1+w) w (1—t)(1+w') w’

> e T are) Aarey) )

= th(w) + (1= t)h(w)

the inequality following from property (iii) of e, after using (6.22).

We now turn to property (b-) of the function, h. Let w,w’ € Q,, with
w' > w. We claim that h(w’) > h(w). Suppose, on the contrary, that h(w') <
h(w). Define 6 = [h(w) — h(w)]/(w" — w); then § > 0. Using property (c) of
h (which has already been established), and using the proof of Lemma 1, we
have for all n € N,

h(w') — h(w) > h(w 4+ n) — h(w)

0= (w' — w) (W' +n—w)
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This yields the inequality:
—h(w) < h(w' +n) — h(w) < (W' +n—w)(=6) < —né (6.23)

using the facts that h(w’+n) > 0 and (v’ —w) > 0. But, (6.23) clearly leads
to a contradiction for large n. This establishes our claim, and hence property
(b-) of h.

To verify that h maps from Q. to [0, 1), suppose on the contrary there is
some w € Q4 , with h(w) > 1. Define z = w/(1+w); then, we have z € [0, 1),
and (1—z) = 1/(14w). Using (5.8), we then have e(z) = (1—2)h(w) > (1—2),
so that e(z) + z > 1. But, by property M of e, we must have e(z) + z <
e(1)+1 =1, since e(1) = 0 by property (i) of e. This contradiction establishes
the result. m
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