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1 Introduction

The case-based decision theory was proposed by Gilboa and Schmeidler (1995) as an alterna-
tive theory for decision making under uncertainty. Differently from the expected utility theory,
it models a situation of structural ignorance. Hence, neither states of the world, nor their prob-
abilities are assumed to be known. The sole source of learning is experience, captured by the
concept of memory. An act is evaluated based on its past performance as well as on the perfor-
mance of similar actsin similar circumstances. An aspiration level isused asabench-mark in
the evaluation process. It distinguishes results considered satisfactory, i.e. those exceeding the

aspiration level, which make an act more attractive, from the unsatisfactory ones.

The case-based decision theory has been applied in several economic contexts’. However, up to
my knowledge, it has not been used to model decision-making in financial markets. A model of
financial markets, in which expected utility maximization is replaced by case-based reasoning
isof interest for several reasons. Firgt, it allowsto gain a better understanding of the case-based
decision theory itself. Second, it contributes to the financial market literature by describing the
dynamicsof portfolio holdingsand asset pricesin amarket with case-based investors. Theanaly-
sis of the behavior implied by case-based reasoning alows for comparisons to the predictions

of the standard theory, as well as to the empirical findings.

The "stateless” approach to model behavior in financial markets requires some justification.
Since the works of Arrow (1970, p. 98), it has been assumed that the expected utility frame-
work naturally fits the description of an asset in terms of a probability distribution over state-
contingent outcomes. However, a thorough consideration of this framework shows that the
problem of formulating states of nature in the context of financial market might have no natural
solution. Besides the problem of deciding, which payoffs of a security should be considered
possible, the question of correlation among the payoffs of different assets arises. Hence, itis not
asolution of the problem to identify the states of the world with the payoffs an asset renders®.

Moreover, in a market environment, payoffs are determined by capital gains, hence by equi-

2 Asfor ingtance, in the consumer theory, Gilboa and Schmeidler (1997, 2001 a), Gilboa and Pazgal (2001),
theory of voting, Aragones (1997 a), production theory, Jahnke, Chwolka and Simons (2001), social learning,
Blonski (1999), cooperation in games, Pazgal (1997), herding behavior, Krause (2003), choices among lotteries,
Gayer (2003).

3 See Bossert, Pattanaik and Xu (2000, p.296) for a discussion of the problems connected with the construction
of states.

2



librium prices, which themselves depend on the expectations of the market participants. The
well known beauty contest used by Keynes (1936) to describe the expectation formation in as-
set markets illustrates this point. As Arthur (1995, p. 23) notes ” [w]here forming expectations
means predicting an aggregate outcome that isformed in part from others' expectations, expec-
tation formation can become self-referential. The problem of logically forming expectations
then becomes ill-defined, and rational deduction finds itself with no bottom ground to stand
upon”. Since the case-based decision theory does not rely on the definition of states and state-
contingent outcomes or on formation of probabilistic beliefs, it allowsto address these problems

in aforma model.

Apart from this methodol ogical issue connected with the application of the expected utility the-
ory to model financial markets, the empirical literature has identified multiple violations of the
joint hypothesis of expected utility maximization and rational expectations. The approach usu-
aly chosen in the literature to address these issues consists in studying the behavior of investors
who satisfy the hypothesis of expected utility maximization but have biased beliefs about the
distribution of future returns. For instance, Daniel, Hirshleifer and Subrahmanyam (1998) and
Gervais and Odean (2001) provide an explanation of excessive trading frequency based on the
self-attribution bias. De Long, Shleifer, Summers and Waldmann (1990b), Barberis, Shleifer
and Vishny (1998) and Cutler, Poterba and Summers (1990) assume that traders condition their
behavior on past returns, which induces positive correlation of asset returns. De Long, Shleifer,
Summers and Waldmann (1990a), as well as Shleifer and Vishny (1997) show how noise traders

generate arbitrage possibilitiesin atheoretical model.

In contrast to thiswork, in this paper the framework of the expected utility theory is completely
abandoned and replaced by the framework of the case-based decision theory. The influence of
itsthree major parameters— aspiration level, memory and similarity perceptions— on portfolio

holdings and price dynamics is examined.

It is found that investors with relatively low aspiration levels behave in a satisficing manner,
choosing constant, but possibly suboptimal portfoliosover time. Aneconomy populated by such
investors, therefore, exhibits constant prices. In contrast, investors with high aspiration levels

constantly switch among the available portfolios causing stochastic or deterministic cycles.

The memory of the individuals plays a crucial role for the dynamic. In order to study the in-
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(A1)

fluence of the length of memory on decisions, | analyze two extreme cases — the case of one-
period memory and the case of infinite memory. Investorswith short memory are unableto learn
enough about the possible price and dividend realizationsin order to make optimal choices. The
behavior of such investorsis either stationary but suboptimal, or exhibits cycles. The ability to
remember long sequences of realizations per se does not insure optimal behavior in the limit,
either. The results of the paper show that long memory leads to optimal behavior, only if the

aspiration level is appropriately chosen and the similarity function is convex.

The perceived similarity between portfolios is found to influence choices in a non-trivial way.
The curvature of the smilarity function determines whether an individua exhibits preferences
for diversification. A similarity function that is concave in the Euclidean distance leads in-
vestorswith relatively high aspiration levelsto choose only undiversified portfolios. In contrast,
aconvex similarity function combined with a high aspiration level implies that an investor will

experiment with amost all diversified portfolios in the limit.

The paper is structured as follows. In section 2, | introduce the model of the economy and the
case-based decision rule and define the notion of equilibrium. Section 3 analyzes the dynamics
of the economy and determines the long-run distribution of the asset-prices for the case of one-
period memory. In section 4, the case of long memory is considered. Section 5 discusses the
findingsin the light of the empirical literature from financial markets and section 6 concludes.

The proofs of the results are stated in the appendix.
2 TheEconomy

Consider an economy consisting of a continuum of investors, uniformly distributed on the in-
terval [0; 1]. There are two types of investors, i € {1;2}. The share of type 1 is denoted by

6, € (0;1) and assumed constant over time.

There is a single consumption good in the economy. Each investor lives for two periods and
consumes only in the second period of hislife. Preferences over consumption are represented

by autility function « (-), which isidentical for al investors. | assume:
u (+) isstrictly monotonically increasing and continuous in consumption in period two.
The young investors are endowed with one unit of the consumption good. The endowment of
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the old investorsis0.

There are two assets: arisky asset a and ariskless asset b. Theriskless asset b delivers (1 + r)

units of consumption per unit invested. It isavailable in perfectly elastic supply at aprice of 1.

The supply of a isfixed at 1. Its payoff per unitisé, ~© [§;6] and 6, isi.i.d. acrosstime. Q
is assumed to be continuous and ¢ () denotes its density*. The price of a at timet is p,. Short
sales are prohibited.

In the spirit of the case-based decision theory, | assume that the investors in the economy have
almost no information about the problem they are facing. They do not know the structure of the
economy, the process of price formation, or the possible prices and returns of the assets and their
distribution. Their information consists of the problem formulation, the set of possible acts and

their memory.

2.1 Problems, actsand utility realizations

Eachinvestor solvesthe problem: " for agiven equilibrium price p;, invest theinitial endowment
in a portfolio to enable consumption”. In general, the description of an investment problem
might al so depend on multiple factors, such asinitial endowment, price level, etc. Inthismodd,
however, p; fully characterizes the market situation. Hence, a decision problem is identified

Let o denote the share of initial endowment invested ina (o € [0;1]) at time¢ by an investor
of typei € {1;2}.
The indirect utility of investor 7 for agivena!_, is:

‘ 5 .
v (o)) =u (p;—l— Lol |+ (1—af ) (1+ r)) .

2.2 Aspiration Levels

The aspiration level is the lowest level of utility which renders the investor satisfied with his

choice. | assume that the two types of investors differ with respect to their aspiration levels '

4 Qisinterpreted as the objective probability distribution known to an external observer, but not to the investors
in the economy. Hence, @ will beirrelevant for theinvestors decisions. However, the specification of @Q makesit
possible to analyze the long-run behavior of the economy.
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and u2. Typically, the aspiration level would be updated according to the past experience of a
decision-maker. | will assume, however that the aspiration levels remain constant over time,
and will derive the price and portfolio dynamics depending on the aspiration level. Introducing
an updating rule would change the limit results of the process’. However, if the updating is
relatively slow, the results derived here would still describe the interim dynamics of the process

for different ranges of valuesthat 4! and %2 can assume.

2.3 Smilarity

The similarity function iswritten as
s((p;); (p5a)) — [0;1].
s((p;a); (p';)) can be interpreted as the likelihood assigned to the event that portfolio o

bought at price p renders the same utility as portfolio o’ bought at price p’.®

| use the Euclidean distance between (p; o) and (p'; o’) asameasure of similarity. Note that the
prohibition of short sales and the fixed endowments imply p, € [0; 1]. Hence, (p; a) € [0; 1]*.
Hence, s can be defined on [0; 1]%. Let

s((pya); (050)) = f (l(p; ) = (p; )])
with f (-) > 0and f'(-) < 0. s(-) does not depend on the type of investors. WI.0.g., | set

s((psa); (pa)) =17
24 Memory

The memory of an investor describes hisinformation about past utility realizations of available

portfolios. Letthememory of aninvestor of typei € {1;2} consist only of cases (p;; a; vy 1 ()

5 The most common empirically observed aspiration level updating ruleis
U1 = (1= B) ts + Buy,

where 3 is a constant which captures the speed of adjustment. With a single act o and an i.i.d. random process
ug, this process is known to converge in expectation to the mean value of u («). With several acts (preserving the
i.i.d. properties of the utility realizations), however, Borgers and Sarin (2000) demonstrate that optimal choicein
the limit fails to obtain unless the optimal aternative is dominant or riskless.

6 The concept closest in spirit to similarity is covariance, which, however, relies on the definition of state-
contingent outcomes and their distribution. Hence, its usage does not seem appropriate in a model case-based
decisions. Matsui (2000) establishes a connection between the two notions.
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experienced by investors of previous generations of his own type™ and contain the m last cases:
M} = ((pr—1; ;00 (1)) 5o (Peems &) Vt—mt1 (@)

m € {1;2...t} parameterizesthelength of memory: m = ¢, correspondsto remembering al| past

cases, m = 1 staysfor one-period memory. Although these extreme cases do not seem redlistic,

they allow a tractable analysis and provide an intuition about the influence of the length of

memory on the price dynamics.

| assume that only actually observed cases are considered by each investor. This can bejustified
by the fact that people usually consider their actual experience to be more important than hy-
pothetical cases. Alternatively, the construction of hypothetical cases might be connected with
somereal or mental costs. For instance, mutual and investment funds do not provideinformation
about all past returns in their brochures, but only a selective past history. The model presented
here is quite extreme in that it assumes that hypothetical cases are assigned a weight of 0. If
the similarity between hypothetical and actual casesis sufficiently low, the results of this paper
would still hold.

In Guerdjikova (2004 b, pp. 204-209), hypothetical casesare introduced and their effect on asset
prices and portfolio holdings discussed. | comment on these results and their connection to the

current model in section 6.

2.5 Case-Based Decision Making

Sincein period ¢ = 0, the memory of the investorsis empty, let ay € (0; 1) be the act chosen'?

in period 0 by both typesand let p, = « be the equilibrium price at ¢ = 0.

In all consequent periods, the investors choose the portfolio with maximal cumulative utility at

the market price. The cumulative utility of a portfolio « for investor i is defined as:
t—1
Uia)= ) s((pr:0h): (p5a)) [orar (o) — @] .
T=t—m

Hence, the evaluation of a portfolio « at time ¢ increases, if portfolios considered similar to o

11 This means that investors do not observe al past choices and realizations, but only those of a given cohort of
their predecessors. One possihility to relax this assumption is by introducing social learning, asin Blonski (1999)
and Krause (2003).

12 Theresults for ap = 1 and oy = 0 are qualitatively the same, the interesting case is, however, the one of a
diversified initia portfolio. The assumption that o isidentical for both types is made for convinience, but would
also leave the results qualitatively unchanged.
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(A2)

performed above the aspiration level when bought at prices similar to p;.

2.6 Equilibrium Paths

Definition 1 Given the initia allocation «, and the initial price py = «g, an equilibrium
path of the economy is defined as a vector of asset prices (pf)t:()’l’m and a vector of portfo-
lios (a}*; a*),_,, . chosen by the young investors at ¢ (with af* = g, a3* = o, pf = po)
such that: o

young investors make case-based decisions in each period:
o arg max U; (a)

t—1
= agmax > s((priat);(psa))-

- {u ((%) ol 4 (147 (1 _a3)> _ui]

the market for the risky asset is cleared in each period: either p; > 0 and satisfies
Oroy* () + (1 = 01) of* (p})

*

yz

and

=1

or
pi =0and a;* (0) + a2* (0) = 0.

The market clearing condition allows for degenerate equilibria, in which the demand for a and
its price are 0. Guerdjikova (2003) shows that such equilibria occur for high values of @' and
@?. In order to exclude equilibriawith p, = 0, | assume that @! is sufficiently low. Hence, the

investors of type 1 are always willing to hold a positive quantity of the risky asset.

Let @' <u(%ao+(l—ao)(l+ﬂ).

(A2) insuresthat o}* = ap and p; > 610 foral ¢ > 1.
(A2) isavery strong assumption, since it postulates that investors of type 1 never deviate from
their initially chosen portfolio. | comment on the effects from dropping (A2) after | state the
main results of the paper.
To avoid the discussion of multiple cases, let

1>6>r>apr>48>0.
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3 Price Dynamicswith One-Period Memory

Let m = 1, hence, the investors only remember the last case observed. Since aj* = ay, only

the behavior of type 2 needs to be considered. Depending on %2, the following results obtain:

Proposition 1 Assume (A1) and (A2).

1.

Let
0
W <u 1—1—p; a0+(1—a0)(1+r)). (1)
0
Then, there is an equilibrium path on which o}* = ay, a?* = «p and p; = p, for each
t > 1.

Let
)

e lu l-l—p;)ao—f-(l—ag)(l—i—r));u(l—l—r) : 2
0

Then, on amost all paths of dividend realizations@ = (61; 62...6;...), thereisan equilibrium

path, such that o}* = «ay, a?* = 0 and p; = 01 for al ¢ > ¢ (w), for somet ().
Let i € (u(1+7);u(1+ ) ) Then on amost all paths of dividend
realizations &, thereisatime ¢ (@), such that for al ¢ > ¢ (&) the economy evolves
according to a stochastic cycle with two states:
h,with o} =ap,ai =1and p,=1-0; (1 — ap)
and
l,with o) =ap,a? =0and p; = 01ay.

5
=2 _ 1
! “( +1—01(1—a0)>

5
0= [ 9@,
The frequencies with which the two states / and [ occur almost surely satisfy:

Define § as

and g as.

_ 1

™ — —2_q
__ 1-gq
m™ = 2—_q

Letu® > u (1 + m> Then, on dmost all paths of dividend realizations @, there
isatimet (@) such that for all ¢t > ¢ (@) the economy evolvesin adeterministic cycle of
period 2 with two states h and [, as described in 3.
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The proposition shows that relatively low aspiration levels (asin parts 1. and 2.) lead to stable
prices and asset allocationsin the economy. Type 2 issatisfied with the returns of their portfolios
and has no incentive to experiment and change portfolio holdings with time.

The proof of part 2. of proposition 1 further demonstrates that for «y < 3, the price of a may
continualy rise for afinite number of periods before it stabilizes at p;. The price increases in
periods of low dividends. Intuitively, when type 2 investors are unsatisfied with the return of a
portfolio, they try to switch to a portfolio which is furthest away from the initially chosen one.
If oy < % theswitchfroma? ;| = aptoa? = 1, causes p; to riseabove p, and, hence, the utility
derived from oy may exceed 2. If thisis the case, the equilibrium conditions require type 2 to
be indifferent among all portfolios and to choose a portfolio o € («y; 1), whichimpliesp; > po.
Thisprocess continuesuntil a2 > % obtainsin someperiod T'. Once o exceeds % asufficiently
low realization of 6 will force type 2 to switch to b. Afterwards, the economy remainsin state /

forever.

Conversely, if u? isrelatively high (asin parts 3. and 4.), so that type 2 investors are not satisfied
with the returns of b and with some of the returns of a, they will permanently switch between

the two corner portfolios and the economy will evolvein acycle.

The results of proposition 1 hinge on (A2). It seems, however, that relaxing (A2) will not sig-
nificantly change the patterns of the dynamic. Specifically, the conclusion of constant prices
and portfolio holdings will till be true as long as both aspiration levels are low relative to the
equilibrium payoffs. In contrast, when the aspiration levels of both types of investors are rel-
atively high, so that at least some of the equilibrium payoffs are deemed unsatisfactory, cycles
will emerge. These cycles might have up to 4 states, i.e.
(a%:af:1),(04%:a?:0),(a%zl,af:O),(a%:O,ale)

and whenever the behavior of agiven typeiscyclical, thistype will only hold corner portfolios.
The dynamics of the economy will still follow a Markov process and the frequencies of the
states can be computed by finding its invariant distribution. Assumption (A2) is useful in that
it allows for an explicit computation of these frequencies and makes it possible to compare the

price patterns with empirical findingsin section 5.

In proposition 1, the assumption of strictly decreasing similarity function implies that investors
with high aspiration levels diversify only for afinite number of periods. Aslong asthe memory
10



is short, thisresult isindependent of the curvature of s (-; -). In contrast, with long memory, the

curvature of s (+; -) determines the willingness of the investors diversify.
4 Price Dynamicswith Long Memory

In this section, | assume that memory contains all past cases, i.e. m = t. The introduction of

long memory allowsto study the effects of learning on asset prices and portfolio holdings.

| first consider the case of a concave similarity function.

4.1 TheCaseof Concave Similarity

Let f/ < 0 and let e denote the Euclidean distance functional. Concavity of the smilarity
function implies that the matrix

d?s = f"de - (de)" + dPef’,
is negative definite. Since e (+; -) is concave, this assumptions implies that f should not be too

convex.

Denote by 1 (« | p) the expected utility from holding portfolio o € [0;1] at time ¢, given that

the price of a remainsconstant at p = p; = pyi1:

(| p) = /:u ((1+§> a+(1—a) (1+r)>g(6)d6.
Let

p* () =t apby + (1 — 01) afor o € [0;1]
be the equilibrium price which obtains if a'* = a4 and o®* = «. To avoid the discussion of

multiple cases, assume:
plao | po) <u(l+r) <p(l]p*(1)) 3)

Since the memory of type 2 contains al past cases, their behavior in the long run is determined
by the mean of the observed utility realizations computed at equilibrium prices. The concavity
of the similarity functionimpliesthat thereisat, such that for all ¢ > ¢, a7* € {0;1}. Condition
(3), therefore, assumes one possible ordering of the mean utilities of the portfolios actually

chosen by type 2.



Proposition 2 Define § as:

y 1—60,(1—ap)+6 2
1-91(1-&0) N .

Suppose that for some ¢ > 0, g () iscontinuous w r. t. the Lebesgue measure and strictly
bounded away from 0 on [3 — b+ C} .

1. If u* < p(ap | po), the expected time during which type 2 holds «y isinfinite. Hence,
the expected time which the economy spends in the state (a! = ag; a? = ag;p = po) IS
infinite,

2. Ifu? e (u(ag| po);u(l+r)),type2 chooseseither a?* = 1 with frequency 1 or o?* = 0
with frequency 1 as. inthelimit. Hence, on amost each path, the state of the economy is
either (! = ap;a? = 0;p = py) with frequency 1 or (! = ap; a? = 1;p = p* (1)) with
frequency 1.

3. Ifw? € (u(l+r);u(l]p*(1))), type2 chooses a?* = 1 with frequency 1 as. in the

limit. The state of the economy isas. (a! = ag;a? = 1;p = p* (1)) with frequency 1.

4. Ifu® > p(1]p*(1)), type2 holds a?* = 1, respectively a?* = 0 with strictly positive
frequencies 7, respectively 7; a.s. in the limit, whereas the frequencies of al other acts

are (. 7, and m; satisfy:
o u(l+r)—a?
Ui N [ﬂi — ﬂQ
where 1] denotes the actual mean utility derived by holding asset a as observed by the

investors of type 2. Hence, the economy a.s. evolves according to a stochastic cycle with

two states h and [, as described in proposition 1.

The interpretation of the resultsis similar to those derived with one-period memory. The main
difference consists in the fact that with long memory, the investors of type 2 whose aspiration
level lies between the maximal achievable mean utilities of the undiversified portfolios will
learn to choose the one with the higher mean utility. Hence, long memory combined with a
correctly chosen aspiration level enhances optimal behavior. Nevertheless, with a concave sim-
ilarity function investors do not choose diversified portfolios make suboptimal decisionsin the
limit. Theresult isdueto the fact that similarity does not decrease sufficiently fast in the Euclid-
ean distance. Hence, an investor who eventually observes only the (unsatisfactory) realizations
12



of the corner portfolios tends to overestimate their negative impact on the diversified portfolios.

The next step of the analysis consistsin rel axing the assumption of aconcave similarity function.

4.2 The Case of Non-Concave Similarity Function

Note that the similarity function which has a maximum at ((p; ) ; (p; «)) cannot be convex

everywhere. e can, however assume;

The matrix
fde - (de)” + d2ef’
is positive semidefinite for al («; p) # (o/;p').

(A3) impliesthat for agiven (o; p), s ((a; p) ; (o; p')) isconvex onany set A C [0; 1) such that
(a;p) ¢ A.

(A3) finds empirical support in the literature. Shepard (1962) (@), (b) and Kruskal (1964) (&)
and (b) suggest amethod which allows them to construct the similarity function as a monotonic
function of the Euclidean distance on a space which is derived from the observed data and esti-
mate its exact shape. Shepard (1987, p. 1318) depicts the estimates of a similarity function for
twelve different experiments, most of them conducted with humans, in which the ability to dis-
tinguish between different stimuli (e.g. sizes, lightness, etc.) was tested™. The results strongly
suggest that the similarity function is convex in the Euclidean distance and resembles an ex-
ponential function, which justifies assumption (A3). However, it would be of interest to test

whether similar patterns obtain in economic experiments.

Let

Cla)={r<t|aZ=qa}
denote the set of past periodsin which type 2 has chosen « and let | C? («)| be the cardinality of
this set.

Proposition 3 Assume (A3). If for all a € [0; 1],

plalp (o) <@
then thereisno = € (0; 1) such that for all portfolios o € B, (¢) (where B, (¢) is an open ball

13 Unfortunately, empirical results on the form of the similarity function are sparse in economics. The few ex-
ceptions of which | am aware, are the works of Buschena and Zilberman (1995, 1999) and Zizzo (2002). Their
findings show that similarity between acts is negatively correlated to the Euclidean distance between payoffs and
influences decisions under risk.
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with radius e around ), |C? (a)| = 0 obtains. For all c and o’ € A
lim 22
= UZ (@)

a.s. holds.

Proposition 4 Assume (A3). If for some a € [0; 1],
pla | agbh +a(l—6y)) > a?,
then the investors of type 2 a.s. choose a portfolio
afe A= {ae[0;1] | pla] apby +a(l—67) > a*}
with frequency 1 in the limit.

The aspiration level determines whether or not the economy will converge to a stationary state.
Whereaswith arelatively low aspiration level, type 2 eventually learnsto choose one of the port-
folios they consider satisfactory, a high aspiration level implies that type 2 constantly switches
among the available portfolios and the economy never reaches a stationary point. Proposition 4
does not insure the choice of an optimal portfolio, but it shows that for an appropriately chosen

%2, the optimal choice can be approximated with an arbitrary precision.

The results derived in this section alow us to differentiate between the influence of the form of
the similarity function and the influence of the aspiration level. The curvature of the similarity
function determines whether investors with high aspiration levels will be willing to diversify.
Whereasaconcavesimilarity functionimpliesthat theinvestorsof type 2 hold only undiversified
portfolios after switching away from o, with a non-concave similarity function this result is
no longer valid. On the contrary, a relatively high aspiration level combined with a convex
similarity function implies that type 2 will explore the whole space of available portfolios and

will hold adiversified portfolio a.s. with frequency 1 in the limit.
5 Implicationsfor Portfolio Holdings and Asset Prices

The results of the last section have shown that it is possible to identify conditions under which

case-based investors make almost optimal choicesinthelimit. In general, however, the behavior

of case-based investors differs from the predictions of the standard models. Hence, case-based

investors can induce asset price patterns which are documented in the empirical literature and

which are viewed asinconsi stent with expected utility hypothesis combined with rational expec-

tations. In this section, | discuss how the findings of the paper relate to some of the paradoxes
14



observed in financial markets such as the presence of arbitrage opportunities, bubbles, limited

market participation and underdiversification.

5.1 Arbitrage Possibilities, Bubbles and Excessive Volatility

The notion of arbitrage isfundamental to the theory of asset pricing. Unused arbitrage possibil-
ities are nevertheless found in real and experimental markets, see Rosenthal and Young (1990),
Lamont and Thaler (2001), Shleifer (2000, Chapter 3), Oliven and Rietz (1995) and Rietz (1998).

The fact that states of nature are not defined in the case-based decision theory means that ob-
jectively given arbitrage possibilities might not be perceived by individual investorsand remain
unused. Consider, e.g. the case of short memory and low aspiration level. If the share of the

investors of type 1, 6; isrelatively low,
6 > rbhag
and (2) holds, the stationary state of the economy exhibits arbitrage possibilities. Obvioudly, the

same effect can arise with long memory, but relatively low aspirations, asin part 2 of proposition
2.

Theempirical literature documents bubbles and deviations of asset pricesfrom fundamental val-
ues, see Kindleberger (1978) and Sunder (1995). Note that in the model presented here, thereis
no population growth, which (combined with » > 0) implies that the economy is dynamically
efficient and, hence, a bubble can not be an equilibrium under rational expectations. Neverthe-
less, the proof of part 2 of proposition 1 demonstrates that a bubble can emerge and burst in this
economy. If the fundamental value of a (defined as usual with respect to the actual distribution
of returns and using « (-) as a von Neumann Morgenstern utility index) lies between p; and 1,
the risky asset will be overvalued during the bubble and undervalued after the bubble bursts.

Note further that in the model presented in this paper the price under rational expectationswould
beconstant. Nevertheless, for relatively high valuesof %2, we observe excessive pricevol atility*
due to changesin a?. The price fluctuations have a greater amplitude, the higher the value of
1 — 64, i.e. therelative share of type 2. Moreover, type 2 investors switchfroma =0toa =1
in periods of high prices (p; = px) and switch from a = 1 to « = 0 in periods of low prices

(p: = ), hence they trade at aloss.

14 See Shiller (1981, 1990) for empirical evidence on excessive volatility.
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5.2 Financial Market Participation

Empirical studies show that a large proportion of the consumers in the US do not hold risky
assets, seee.g. Mankiw and Zeldes (1991). Thisisusually explained by the presence of transac-
tion costs and liquidity needs, see Allen Gale (1994), Williamson (1994). Unfortunately, these
two factors provide merely a partial explanation of the empirical evidence. Moreover, athough
the effect is more prevalent among the poor parts of the population, a significant proportion
(47,7%) of the rich households abstain from holding risky assets as well. This last fact can
hardly be justified by prohibitively high participation costs or liquidity needs.

Another explanation of the limited participation paradox stems from Cao, Wang and Zhang
(2005), who use perceived ambiguity about the distribution of returns. Limited participation
results in their model when the variance of the perceived ambiguity in the population is very
high. Only investors whose perceived ambiguity is small enter the market. However, their re-
sults predict that limited participation would lead to undervaluation of the risky asset, contrary
to the equity premium puzzle documented by Mehra and Prescott (1985).

The model analyzed in the previous sections provides a different criterion according to which
participating investors can be distinguished from those who do not hold risky assets: their aspi-
ration level. With short memory, investors with low aspiration levels (case 1 of proposition 1)
will hold risky assets, independently of the current market prices. Investorswith high aspiration
levels, in contrast, (case 3 of proposition (1)) would only participate in the asset market if both
prices and dividends are high and |eave the market, once the dividends become low and returns
fall below their aspirationlevel. If suchinvestorsare present, market participation increases dur-
ing market booms and drops after market crashes. Investors with intermediate aspiration levels,

(case 2 of proposition 1) will never be active in the market for risky assetsin the long-run.

In the case of long memory, two factors determine market participation: the aspiration level
and the curvature of the similarity function. Aslong as the similarity function is concave, the
results for market participation are amost identical to those with short memory. In contrast,
when assumption (A3) is satisfied, investors with high aspiration levels aways participate in
the market for risky assets. Hence, full market participation obtains.
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5.3 TheEquity Premium Puzzle

Market participation is often connected to the equity premium puzzle described by Mehra and
Prescott (1985). Empirical studies show that the coefficient of risk aversion needed to justify the
excessivereturns on risky assets (as compared to bonds) is much lower when limited market par-
ticipation is taken into account, see Attanasio, Banks and Tanner (2002) and Vissing-Jorgenssen
(2002). Vissing-Jorgenssen and Attanasio (2003) use the Epstein-Zin type of preferenceswhich
allow them to obtain even better results by separating intertemporal preferences from risk aver-

sion.

Aswill be shown in subsection 5.4, the case-based decision theory allows for asimilar separa-
tion between the curvature of the utility function « (-) and preferences for diversification and,
therefore, produces effects similar to those present in Vissing-Jorgenssen and Attanasio (2003).
Intuitively, keeping the aspiration level constant, varying the curvature of « (-) changesthe mean
utility which could be potentially derived from holding diversified portfolios as compared to
non-diversified ones. At the same time, whether the decision-maker will actually choose diver-
sified portfoliosis determined by the curvature of his similarity function. Hence, even investors

with a concave utility « (-) might fail to choose a diversified portfolio.

The observed average return of the risky asset at a given point in timeis given by:

S (%2 + 7 £4Q 9))
T :
For the cases, in which p; = p* for al ¢, we can write the average excess return of the risky

asset over the bond as;

5 5
Lo [ Q@) - ()
When type 2 doesnot participateinthe market for therisky assetinthelimit, and 6, issufficiently
low,
5 s 5
1+/ —*dQ((S)—(l—i—r):l—i—/
§ D 5 0

obtains on the equilibrium path. Note, that we can obtain this result for any utility function « (-)

(6)—(1+7)>0

by just varying 0, @* and s (+; ). In contrast, in amodel with expected utility maximizers, the
excessreturn would be uniquely determined by the curvature of their von Neumann Morgenstern

utility index.
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Suppose now that people behave as expected utility maximizers when faced with choices over
lotteries and as case-based decision makers when facing choices for which states of the worlds
and probabilities are not explicitly specified. In both cases, however, they use the same function
u (+) to evaluate outcomes. Suppose further that we measure the risk-aversion of a population
of decision -makersfor choices over lotteriesin an experiment and find them to be risk-neutral .
Nevertheless, we may find that these decision-makers demand a non-zero risk premium when
trading in an asset market. Especidly, if « (-) is linear and condition (2) (for the case of short
memory) or the condition of part 2 of proposition 2 (for the case of long memory) hold, therisky
asset isundervalued relative to the bond. Observationally, thiswould mimic the equity premium
puzzle observed by Mehra and Prescott (1985) for appropriately chosen values of 6.

5.4 Preferencesfor Diversification

Differently from the expected utility theory, which does not alow for a separation between de-
creasing marginal utility and risk aversion, case-based decision-makers may exhibit decreasing
marginal utility (concave u (-)) and still prefer to hold an undiversified portfolio in the limit if
their similarity function is concave. Underdiversification has been recorded in the empirical
literature, see Tesar and Werner (1995), Coval and Moskowitz (1999) and Barber and Odean
(2000). The last paper documents that most of the investors engage in high frequency trading,
while holding only a small number of different assets in their portfolios (about 4). This would
be consistent with the assumption of a concave similarity function combined with a relatively

high aspiration level, asin part 4 of proposition 2.

The preferences of a case-based decision-maker are captured by the cumulative utility he assigns
to different acts. In general, they vary over time. To derive meaningful statements about the
willingness to diversify, | work with the limit preferencesast — oo. Then, a; ~ as will
correspond to ‘

lim UZ (1)

=1.
t—o00 [JtZ (062)

Definition 2 Preference for diversification obtain if for all «; and a, € [0; 1] such that
Ui ()
lim —%
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andal s € [0;1],
limy o0 U} (Ban + (1 — B) a)
limy oo U} (1)
if both the numerator and the denominator converge to +oo and
limy o0 U} (Bay + (1 — B) a)
hmtﬂoo Utz (Oél)
if the numerator and the denominator converge to —oco.

>1

<1,

Note that the definition of preference for diversification depends (through U?) on the chosen
equilibrium path. However, it will be shown that the emergence of preferencesfor diversification
will depend only on the aspiration level and on the form of the similarity function and not on
the specific path w.

The following corollaries obtain:

Corollary 5 ™Assume (A3). On any equilibrium path, both types of investors exhibit prefer-
ence for diversification.

Corollary 6 Suppose that the ssimilarity function is concave. On any equilibrium path, type
1 exhibits preferences for diversification. Type 2 exhibits preferences for diversification if and

onlyif u? < p (1] p*(1)).

6 Conclusion

The present paper has analyzed the dynamics of an OLG economy with case-based investors.
The main findings concern the influence of memory, similarity perceptionsand aspiration levels

on portfolio holdings and asset prices.

One of the assumptions of the paper concerns the constant aspiration level of the investors. On
page 147 of their book, Gilboa and Schmeidler (2001 b) state that: ”...when the environment is
more or less fixed, and the situation may be modeled as a repeated choice problem, case-based
decision makers do appear to be a little too naive and myopic”. Further on, they remark that
this myopic behavior can be attributed to constant aspiration levels and proceed to define an
adaptation process which insures optimal behavior in the limit for i.i.d. environments with a

single decision-maker. One might, therefore, conjecture that using the same adaptation process

15 The finding that the curvature of the similarity function determines the preferences for diversification is con-
sistent with the results of Nehring and Puppe (1999). In a different setting, they compute the similarity function
corresponding to preferences for diversity over acts situated on a one-dimensional simplex. They conclude that
preference for diversity implies asimilarity function which is convex in the Euclidean distance.
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in ani.i.d. economy would lead to optimal behavior and eliminate the phenomena described

above.

In Guerdjikova (2005), | show that the optimality result derived by Gilboaand Schmeidler (2001
b) strongly depends on the form of the similarity function. For instance, a concave similarity
function in combination with the suggested updating rule implies the choice of the best corner
aternative in the limit, aresult very similar to the one derived in this paper. In general, arule
similar to the one suggested by Gilboa and Schmeidler (2001 b), leads to amost optimal deci-
sions® only if the smilarity function is sufficiently concave near the identity and sufficiently
convex near the corners of the ssimplex. It isan interesting research question how the results de-
rived here would change if such similarity functions were used. However, this might make the

model computationally intractable.

Moreover, the results derived by Gilboa and Schmeidler (2001 b) and Guerdjikova (2005) hold
only for individual decision problems. Evenin arepresentative consumer economy their validity
isjeopardized by the non-i.i.d. structure of the decision-making process and, hence, of the price-
and return-processes. Hence, there is no reason to believe that the suggested adaptation process

would lead to optimal resultsin this setting.

Furthermore, the results derived here suggest that the behavior of the economy remains qualita-
tively identical for whole ranges of values of %2. Hence, the paper might be seen as describing

the short-run behavior of the economy inwhich theaspiration level isadapted sufficiently slowly.

The paper also makes the seemingly strong assumption that the memory of the investorsin the
economy consists only of cases observed in the past by investors with the same aspiration. It
might seem that working with memory containing all past returns would lead to an equilibrium
where investors choose optimal portfolios and the price of the risky asset coincides with its
price under rational expectations. In Guerdjikova (2004 b, pp. 204-209), | show that adding
hypothetical casesmight fail to enhancelearning. Allowing investorsto observeall hypothetical
past cases leads to an economy with a representative investor (independently of the aspiration
levels of the different types)*’. In the short-run, this gives rise to 0-asset prices or to situations,

in which the bond is not demanded. In the long-run, the observation of hypothetical cases might

16 |.e., satisficing decision-making on a set with arbitrarily small measure.
17 Notethat no similarity considerations are needed once the investor observes the past outcomes of all portfolios.
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lead to suboptimal choicesin casesin which investors using a smaller number of caseslearnto

choose optimally.

The current model has shown that empirically observed patterns such as unused arbitrage pos-
sihilities, limited market participation, the equity premium puzzle, bubbles, excessive volatility

and failure to diversify can emerge in a market populated by case-based investors.

Of course, such an explanation of the empirical observations would only be meaningful if it
could be shown that case-based investors are able to survive in the presence of rational investors
in the market. Thisis donein Guerdjikova (2004 a), where it is demonstrated that even case-
based investors with one-period memory are able to survive and to influence asset pricesin the

presence of expected utility maximizers.
Appendix

The following notation is convenient and will be used in the course of the proofs. Denote by
1)
V(o) = Z u((Ml—m>a+(1+T)(l—a)> — a2,
. Dr
TECE ()
where
Clla)={r<t—1|of =a}.

Proof of proposition 1:
Part 1

The maximal (single period) declinein p; given al* = «y is
P _ 01
p—1 1—=01(1—ag)
(A2) insures that even in this case and with 6, = ¢,

0100+ 0
1 _ 140 v N _,1>
Ul e0) = oo san (1 an) (147)) —a >

o (T e+ (= a0 (140)) = 0! s s o) a0

fordl « € [0;1]. Hence, aj* = o foral ¢ > 1.

By (1), we have:

Ut (@) = s((po; o) ; (po; ) -

- [u ((p“];:él) o+ (14+7)(1 —a0)> —a?} -0
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and the strict monotonicity of s (+;-) implies U2 (o) > U? () for dl a # . Hence, a?* =
ai* = ag and p} = p, constitute an equilibrium for each &, € [§;6].

By induction, the same result holds for each ¢ > 1, hence («v; ao; po) IS astationary state of the
economy.ll

Part 2

By (A2), al* = agpforal t > 1. Define § as®:

u <<1+£> a0+(1—a0)(1+r)> =
Po
Note that for § > &

u<<1—|—p%) a0+(1—a0)(1+7°)) =u(l+6+(1—a)r) > @2
hence, oy = argmaxp,) UZ (o) and, therefore, as in the proof of part 1 of proposition 1,
a¥ = ap and pf = po is an equilibrium®® for al ¢ such that §, > Sforal r < t. Let
t' = min {t | 6, < 5}. t' isas. finite, but its value depends on the chosen path of dividend
redizations ©%. If a2 = ay,
U () = vy () —8° < u(l+ 6y + (1 —ag)r) —u° <0

Sinces ((a; pyr) ; (o py)) isstrictly decreasingin |o — |, type 2, who takes p, asgiven, choose
of =1lifag <iandal =0if ap > 1.

Casel: o > 1.

Then, p}, = 610 and a* = 0 constitute an equilibrium. After ¢/,
v () =u(l+r)>a

for al ¢ and p}. Hence, the state (a! = ap; a? = 0;p = 61ay) is tationary.

18 Observe that since
u((l—i—pi) a0+(1—ao)(l+r)) =u(l+6+1—ag)r) <a® <u(l+r)
0
for § < 6, it follows that
1+6+Q—ag)r<l+r
and therefore that for each § < 6
~ 6 < agr<r. ~

Hence, for 6 € (§;6) tohold, § < ayr must be satisfied. If this assumption is violated, no such ¢ exists.

19 Sincea;* = ag holdsfor al ¢, | will use the phrase ” o?* and p; constitute an equilibrium” instead of " a}* =
o, a* and p; constitute an equilibrium”.
20 Similarly, all period numbers introduced hereafter depend on the realized dividend path &. | neglect this depen-
dence in the notation for convenience.
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Case2 ap < 3.

At py = g, arg maxo,1) U7 (o) = 1. If o2 = 1, pj, = 61a9 + (1 — 61) must hold. Hence, if

0 1-6 Oy

Ut/(ao):u( 1a0+(p )+ tao—i—(l—ao)(l—i—r)) > u?,
0

aZ =1andp}, = 6100 + (1 — 6,) constitute an equilibrium.,

However, if

u (910&0 + (1 — 01) + by

ap+ (1 — ) (1+7“)> > u?, (4)
Po

Uf (ag) >0

and, therefore, o = 1 isnot optimal given p, = 61 + (1 — 6;). Hence, the equilibrium p},
and aZ* must satisfy:

U2 (a0) = u (Mao (1 a) (14 7“)) _@ =

= s((pii); (po; ) Uss () = Uy () =0,
fordl a € [0;1] and
Py = b1 + (1 —01) o}

By (A1), such p;, and o* exist and are unique. Furthermore, o2* € (ap; 1) and

p;} S (p(); 910&0 + (1 — ‘91)) .

Again, two casescanoccur. If o > £, thenag = 0 obtainsas. for somet” = min {t >t 6 < 5},
asshown above. If a7 < 3 construct o inthe same manner as . Obviously, a7F € (o2 1).

Repeat the same procedure n timesaslong as o < 5. Note that since

+6
<% flj 1+(1_a:k—1)(1+7’)) :ﬂ2
tk 1

and
pfkﬂ = 91040 + (1 — (91) Oétz:,l,
it followsthat p,+ is given by
—(1+7r)
76]?%71 (1 — 01) + (1 + 7") Pek—1 — 5tk (5)
Pep—1 — V1@

foral k = 1...n, where = v~ (u?). It remains to show that:

Ptk = Pie—1

(¢) forany of the o’ thereis apositive measure of values of ¢ for which
)
v (af;f (pt;j ) + (1 -aj )(1—1—7“)) < u?
holds; t

(i7) the sequence s crosses 5 from below as. infinitetime.

23



These two statements are proven below. Oncethisvalueof a2 > % and the corresponding value

of p}. arereached,

291(1791)0&04»(1791)
2 Pin — 0109 B — 0109 1

Qg = >
1—46, 1-6,
obtains and from the next period, ¢ (&) such that:

t (@) = min {t >t u (aff <ptnpj_ 6t) +(1—og?) (14 r)) < uz}

tn

afiy = off = 0foralt > (). Since(®) isas. finite, this completes the proof of the
proposition.

Proof of statements (i) and (i):

Note that
) )
04;2 <ptk* _) + (1 —a:,?) (1+7)<ap <p0+_> +(1—ag)(1+7),
ptk Po
isequivalent to
6 *2
r (o — i) 2

tk

~ fan—a) [ <o,

*
tk

which issatisfied for any &, since oy < aj,? andr > 6 > 66, hold.

o2 > 1 isequivalent to

1—60,+ 20« 1
Pl > 12 10:91040-1-5(1_91)
Observe that:
1 (1—06 )
Pik — Dpp—1 = M [w —(14+r)+ (7“ - *tk ) Oétk—1:| :
Pio—1 — t1ap P
Note that
1 (1—20
p—tfl( 1>>1—91,
Pie—1 — b
whereas
1-914-291&0 1_‘91
2 T =T
is the least amount by which p, should grow to obtain avalue higher than 1=1420120
However,
)
w—(1+7r)+ (T_p*tk )Oétkl —Jw—(1—a) (147r)—ay— b4
tk—l

(6)

*,1—|—(S
= W — (1_06?:—1) (1+7”)— <ptk—tk) Olt%;k—l —[w—(l—ao) <1+7”)—Odo—6t/]

%
ptkfl
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Ok

2 th 9

=r (at,* — ao) + ——aji1 — Oy
ptkfl

and by the choice of ¢/,
w—(l—&o)(1+T)—Ofo—6t/ >0

holds. Hence,
)
w—(1+7)+ <T— *tk )O[tkl >7‘(af,*—ozo) >0
Dik—1
if '
)
1}
ptk—l
Choose z such that
1 *
izr(a?, —ao).

Obvioudly, after at most z (not necessarily sequential) periodsinwhich 6= < _agfl P’ Obtains,
th—1
Pl —po > 252 holds. Hence, pi, > 1=01t20a0,

Let ¢* denote the last 2** period in which 6, < 6, obtains. It follows that there exists at™ such

that

1-10
t”:mln{tk§t2|p:k—p02 1}

2
and, therefore,

% 1-— 01 + 2(910(0

ptn - 2
1

2%

n > =
Qpn 2 5

obtains. On the other hand, since Z :;’1*1 > 1, the probability that the number of periodsinwhich
thk—1
O < af:’ P, Obtainsislessthan z is 0 on the set of sample paths of dividend realizations.
thk—1

Hence, t* and, therefore, also t” are a.s. finite.l

Part 3
As shown above, for u (1 + 8+ (1 —ag)r) < u?® either a?* = 0 or o?* = 1 obtains as. in
finitetime¢.

Casel: af* =0, pf = O10.

O‘%-*H = arg 0{2%_}%] Ut2+1 () = arg Oflel[%?%] s ((prr1; @) ; (01003 0)) [u (147r)— TLQ} =1

Pia = 1=01(1—ao)
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Case2 o =1,pf =1—0; (1 —ap) and 67,1 < 5.2

aff, = arg max Uy (@) = [vgr (1) — @] s ((per1; @) 5 (pf3 1)) = 0

since

b1 2
— <
ve (1) u<1+1 o 0)) u* <0

and
Piy1 = bhao.
Case3: a2 = 1,pt =10, (1 — o) and &1 > 6.

afy, = arg max U2, (a) = arg max s ((pe1 = pi30) 5 (pf5 1))

a€l0;1] a€(0;1]
1-— 91 (]. — Oéo)

pig = 1-01(1—-ao),

since

_ _ 0741 —2
vt+1(1)—u<1—|— 1—91(1—a0)) > 1

Hence, p; follows aMarkov process with a transition matrix:

= P =1-61(1—ao) | pjy = bhao
P= p,}"zl—@l(l—ao) q 1_q ’
p; = b 1 0

where ¢ = Pr {5 > Zs}. The invariant probabilities of the states 7 and I (as defined in the

statement of the proposition) are easily computed to be

B 1

e = _—

h 2_q
1_

T = —q.
2—q

Part 4

The proof of part 3 shows that a cycle with two states h and [ emerges after a finite number of
periodst. Cases 1 and 2 considered in the proof of part 3 are till valid. It remains to consider

Case3: pt = p, a2* = 1 and 67, > 6.

O{%*Fl = arg max Ut2+1 (Oé) = arg max s ((p%':rl’a) ; (p;f’ 1)) .

a€l0;1] a€l0;1]
o ()= = 0

21§ ¢ [8;6] asdefined in the statement of the proposition exists if
801 <,
which is always satisfied under the assumptions made.
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*
Py = t1c,

since

Pi + 0t _
v (1) = u (1 _t; a _H;O)) < forany pg <1—6;(1—ap) .M

Proof of proposition 2:
Part 1

Since
t

U7 (a0) = [vr () — @]

=1

behaves asarandom walk on R aslong as a?* = «. It hasapositive expected increment, since
E v (ao)] = p (ao | po) > @*.

According totheorem 9.5.1in Main and Tweedie (1996, p. 228) such randomwalksaretransient,

hence the expected time until their first returnto 0 isinfinite.l

Part 2

If u? € (p (v | po);u (1 +r)), define the process

02 (ag) = { OU,t2 (@), gIsUetQ (@) 20 }

The assumption
p(ao | po) < @
implies that U2 () is a random walk on R with negative expected increments. For such
random walks all compact sets are regular, see proposition 11.4.1 in Meyn and Tweedie (1996,
p. 278), it follows that
U2 () =0
obtains in finite time with probability 1. Since the distribution ) is continuous, it follows that
U? (ag) <0
obtainsa. s. infinitetime.
Once U} (o) < 0 holds, apply the proof of part 3 of proposition 1 to show that a2 = 0

or a?* = 1 obtainsas. in finite time. This result can be applied, since in period ¢ (©) (as

constructed in the proof of part 2 of proposition 1)%, V{%@) (aZ) =0forall t* < ¢!, whereas

22 In the case of long memory, however, the time periods t* will not denote the subsequent periods in which the

dividend realization islower than &, but those periodsin which 6, < & and
Up (aioy) +u (oo T+ 6u) + (1 — afiy) (L47)) —u° <0,
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Vi, (agx) < 0. Since

@ <u(l+7r)<p(l]1—-0;(1—ap)).
V2 (a2*) and U} (a*) behave as random walks with positive expected increments and remain
positiveinfinitely long in expectations. Hence, the expected time during which the investors of

type2 hold o = 1 or a = O isinfinity.
Furthermore, for any portfolio a:
U (@) = s((ps@); (1 =01 (1—ag);1)) V2(1) + s ((p5; @) 5 (6105 0))) V2 (0)
+s () ((pin; an))) V22 (07
Obvioudly, if exactly one of the numbers V2 (1), V2 (0) or V2 (%) is positive, then the cor-
responding act is chosen in the next period of time. The case-based decision rule precludes
the case that two of these numbers are positive smultaneously at some ¢. Thisis shown in the

following lemma:

Lemma7 Type 2 abandons a portfolio o only in periods ¢ such that V2 (o) <0.

Proof of lemma 7
In the proof of proposition 1, it has already been shown that the statement of the lemmaistrue
up totimet such that ¢ = min {¢ | U? (ap) < 0}.

To argue by induction, suppose that the statement holds up to aperiod ¢ — 1 and consider period
t. Let a?* € {ay...q} with a; = o, and define p* (;) as:
p* (Oéz) =: 04091 + (1 — 91) (67 for i € {1[} .
Let ‘/152 (al) > 0. Then,
l
U () = Y V7 (i) s (i 0" () ; (" () + V72 () >
=1
i#l

> Vi (i) s (s p™ (a0)) s (us p () + Vi (@)

=1
il

v

whereas U2

&g (atk 1) > 0 holds. The portfolma (and, hence, the price p;;,) are then chosen in such away that

6
Ug. (o 1)_&_”(%& o+ (1—af 1)(1+T)>—u =0

tk—1
Hence, U7 (a) = 0 for each o € [0; 1] and, therefore, the choicesttill time ¢t* do not influence the evaluation
of the available portfolios.
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wheret” — 1 = max {7 | o2* # [}. Theinequality follows from the fact that V>

i (1) <0,since

either act oy has been chosen for the first time at ¢ and, therefore, V7, («;) = 0 or o, has been

abandoned for the last time at sometime¢” + 1 < ¢’ 4+ 1 and then
Vi () = Viis (au) < 0
must hold. Since no acts different from «; have been chosen after period ¢”,
Vi (ai) = Vi (ai)
holdsfori € {1...[ — 1}.

Furthermore, since af,’,‘+1 = oy, foradl a € [0;1]:

Ui ( ZVtu ai) s ((aus " (i) 5 (e p* (n))) + Vi () = Up ()

holds. But then

U () = U} (@) = IZEW(%) [s (s p" () s (cus " () — 5 (3 P () 5 (e 7 ()]
-Z:‘lfz () (1 = s ((er;p" () 5 (" ()

Z i (i) [s ((aa; 0" () 5 (au; p™ (u))) — s (s p™ (i) 5 (s p™ (eu)))]

+V%~ (1) (1 =5 ((au; 0" () 5 (o 0" ()
= UE// (Oél) — U{n (a) Z 0.

v

Hence, a?t, = oy if V;? (ay) > 0and hence, an act o, can be only abandoned in aperiod ¢ such
that V? (oy) < 0 holds. |

Hence, at most one of the numbers V2 (1), V;2 (0) and V2 (o¥) can be positive in which case
the act with the positive V2 will be chosen. If al of them are negative, then the concavity of

s (+;+)impliesthat U? () isaconvex function of . Therefore, a?* € {0;1}.

On all paths of dividend realizations, on which U? (1) > U2 (0) holdsfor all ¢t > (©), a?* =1
has a frequency of 1. On those paths, on which U? (1) < U? (0) obtains for some T > ¢ (@),
a2, = 0. Then,

u(l+r)>u?
impliesthat U2 (1) < U2 (0) and o?* = 0 hold for al ¢ > T. Hence, the limit frequency of
a*=0is1.1
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Part 3

@€ (uw(l+7r);u(1]1-0(1-a))), )
either o?* = 1 or o2* = 0 obtainsinfinitetime, as shown in part 2 of thisproof. If a?* = 0 then
(7) impliesthat U? (0) < U? (1) obtainsin finitetime. If a?* = 1, then U? (1) behaves like a
random walk with positive expected incrementsand o?* = 1 holdsinfinitely longin expectation.
Asin part 2, the concavity of s (-; -) impliesthat o?* € {0;1} for all t > t.

If U2 (0) > U? (1) obtains at some time ¢ and, therefore a?* = 0, the argument above shows
that U7 (0) < U7 (1) will obtain again for some finitet’ > ¢, hence a* = 1. Since

Pr{U} (1) < U7 (0) forsomet > to | U7 (1) > UZ (0)} < 1
and these events are independent, the probability that such events occur infinitely often is 0.

Hence, in the limit, a.s. o?* = 1 holdswith frequency 1.1
Part 4

Now, let u? > (1|1 — 01 (1 — ap)). Let sdenote:
s=s(lp=1—-6(1—y);a=1);(p=0biap;a=0)) €[0;1).
As above, it can be shown that thereis afinite £ such that o?* € {0;1} for all ¢ > ¢. Denote by

¢, the following Markov process:
Ve (aiit) [s (pns 1) (s @))) = s (21 0) 5 (PR )] _ 4

1-s
€1+ u 1+#{_ao)>—ﬂ2, ifSt_lz()andE‘:t_l"—u 1+#{_ao)>_7220
€& = Et1t+u %)—ﬂz, ifat,lz()andst,l—i—u %>—ﬂ2<0
Et1 T u (]_ + 7") — I_LQ, if g1 < 0.
fort > 1.

It iseasily seen that
e (1—s)=U7 (1) = UZ(0)

Since

U2 (1) — U2(0) € Hu (1 _Héilz);r_éao)) _ ﬂ2:| (1—s5); +OO) :

g, evolveson
Orao + 0

v =
"\1T20, 01—
Denote by P the transition probability kernel of ;. The idea of the proof consists in showing
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that ¢, isastationary processwith an invariant probability measure 7, asdefined in the statement
of the proposition. If &, > 0, a?* = 1, if &, < 0, a?* = 0. Hence the limit frequencies 7, and ,

of o?* = 1 and o?* = 0 coincide with

7 [0; 4+00)

T |u bra0 +2 — %0
1—91(1—0&0) ’ ’

The following lemmas and proposition prove that ¢, is a positive recurrent Harris chain and,

and

respectively.

hence, has an invariant probability distribution by using the following intermediate steps:
1. Lemma8identifiesasmall set GG, which is also a petite set.

2. Lemma9 usesthe small set GG to show that ¢, isv-irreducible, where ) denotes the L ebesgue
measure on GG and is 0, elsewhere.

3. Proposition 10 reproduced from Meyn and Tweedie (1996) statesthat ¢/-irreducibility implies

positive recurrence if G isreached in finite expected time from any value of ¢.
In alast step, | demonstrate that the condition of 10 is satisfied for the chain ¢ and compute the

invariant probability distribution.

Denote by G the interval [0;u? — u (1 + r)]. The following lemma shows that the set G isa
small set, i.e. that there exists ameasure v on the set

0100+ 0 _
r_ _ 2.
\P_lu(l—Ql(l—aoo U7+OO>

P (e:F) > v (F)
forany set F' € ¥’ and any ¢ € G, where PX (g; I') denotes the probability to reach a set I’
starting from ¢ in K steps, see Meyn and Tweedie (1996, p. 111).

such that

Lemma8 ThesetG = [0;u? — u (1 +r)]issmall.

Proof of lemma 8:

The assumption about the probability distribution of 6 and the continuity of the utility function
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u (+) imply that the net utility realizations

_ bt i
u-u(l—i—l_el(l_ao)) U
of o?* = 1 (aslong as U? (1) > U? (0)) are distributed according to a probability distribution

@', which has an absolutely continuous part with respect to the Lebesgue measure on the real

numbers. Moreover, thereis anumber ¢’, such that the density of 4, ¢ satisfies
g'(a) > ¢ >0forae (—¢;¢)
for some ¢’ € (0;u* — u (1 4 r)) and for some ¢’
Dividetheset G into K sets, G1...Gx with length less than % Fix aninitia € € G; and suppose
that I C G;. Now, for each 0 < ¢ < &, denote by P and Py+

P :Pr{€t+1 S <5t+%’_€;€t+%’)}
Pe+ :Pr{5t+1 € (&‘%5&_%"'5)}

The assumptions on ¢ imply

A

P£+ ¢/€>0

P > g¢>0.
Now choose ¢ suchthat £ (K — 1) < 52— holds. Then,
Pr{G;—ex1 <( |eo=c} > [¢'g" ",
where G; — e isthe largest distance between apoint in G; and e ;. Hence,
Pk aiF |G ek SO =@ F—ecn)= [ g @iz oA,
where ) denote the L ebesgue measure. Hence, ’
PR (e;F) 2 [#6" 7 ¢A(F) = v (F),
and v is absolutely continuouswirt. Aon G. If F C G but F € G; for al G;, then:
K K
PK(eiF) =Y PX(e;F) > (¢ ¢ Y MF) = [0 gA(F),
where UK | F; = F and Elc G;, 1.e. F;isapartition c;f:i17 into sets each of which isa (possibly
empty) subset of some G;. Sincefor all £'suchthat ' NG = 0,
PX(e; F) >0,
G isasmall set and the measure v (F') is defined as
v(F) = [¢#€" " ¢AF), F @
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v(F) = 0,¢ése
According to proposition 5.5.3 in Meyn and Tweedie (1996, p. 127), G isaso apetite set.l

The next Lemma demonstrates that the Markov chain defined by ¢, is ¢-irreducible. It defines
ameasure p, with o (F') > 0 only if F' C U’ satisfies

PF(e;F)>0
forsomek € Nand al ¢ € V', see Meyn and Tweedie (1996, p. 91).

Lemma9 Let ¢ be defined as the Lebesgue measure on the set G and be 0 elsewhere. Then
the Markov chain ¢ is p-irreducible.

Proof of lemma 9:

Obvioudly, ¢ assigns a positive probability only to subsets of the interval G. Since it has been
shownthat starting fromany ¢ € G, PX (¢; F) > Oforal F C G, itremainsto demonstrate that
foreache ¢ G, P* (¢;G) > 0 for somek € N. Firstlete < 0. Thene; .y = e+ @* —u (1 +7)
aslongase, < 0. Hence, for k = min{t | e, > 0} ,e, € G. If e > @* —u (1 41),
. ¢ nd\ ¢ nd
Pr {Ul S ( 5 5 UP%W S 5 5 >0

with [2%} % < u? —u(1l+r), (hence, n < 1) and, therefore,

pl*7] <€; {o; [2%} %} c G) >0

foral e ¢ G. Hence, the Markov chainis p-irreducible.ll

Since ¢ isfinite, according to proposition 4.2.2 in Meyn and Tweedie (1996, p. 92), there exists
aprobability measure ¢ on ¥, such that ¢ (£ C ¥') = 0 iff

W) <a\iP"(€;F) >O> = 0.

n=1

1 is absolutely continuous with respect to . Denote by 5 (U') the Borel o-algebraon W', Let
B (W) = {F € B(V) | 4 (F) > 0}.

Obvioudly, G € Bt (V).

We can now use part (ii) of theorem 10.4.10 in Meyn and Tweedie (1996, p. 254):

Proposition 10 (Meynand Tweedie, 1996, p. 254) Supposethat a Markov chainisi-irreducible.
Let 7 denote thefirst hitting time of the set G. The chainis positive recurrent, if for some petite
set G e B (V)
sup E; [T¢] < 0. (8)
eeG
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Proof of proposition 10:
See Meyn and Tweedie (1996, p. 254).1

It has been shown that ¢; is v-irreducible and G is a petite set with ¢ (G) > 0. It remains,
to show (8). Consider &, = ¢;if ¢y > 0 and &, = 0, else. &; isarandom walk on a half line
with negative expected increments. By proposition 11.4.1 in Meyn and Tweedie (1996, p. 278)
for such arandom walk, all compact sets are regular. Since G iscompact and G € Bt (1), it
followsthat for all F € Bt (¥'),

sup E. [Tg] < o0
e
and

sup E; [T¢] < 00 ©)
eeF
holds for the process &,.

Hence, on al pathson which e, > 0 holdsfor al ¢, ¢, coincideswith &, and GG isreached in finite
expected time. On those paths, on which e, < 0 holdsfor some ¢, the time needed to reach G is

al most:

=2 O100+6
ur—u (1—01(1—a0)>

w?—u(l+r)
Therefore, (8) is satisfied and ¢; is positive recurrent. Furthermore, (9) implies that ¢; is a

< Q.

positive recurrent Harris chain. Hence, by Theorem 10.0.1 in Meyn and Tweedie (1996, p.
238), there exists an invariant probability measure .

It now remainsto show that 7;, and 7; as defined in the statement of the proposition are positive
and satisfy:
T w—u(l+r)
o a
According to the SLLN, if o?* = 1 holdsin an infinite number of periods,
lim V2 (1) = —c0
holds. Anaogously, if o?* = 0 holdsin an infinite number of periods,
tlim V2 (b) = —o0
obtains.

If, eg. a?* = 0 holds only for afinite number of periods, say L

lim [U7 (1) — U2 ()] = Jim (1 - ) V2 (1) — (1 - 5) V2 (0) = —oc.
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Hence, a.s. thereexistsaperiod T > L suchthat U2 (0) > U? (1) for al ¢ > T and nevertheless

a?* =1, in contradiction to the case-based rule. Hence, a.s.

lim ICi(a7* =0)| = o0
tlgglo ICi(af* =1)| = oe.

It can be shown that
U2(1) = U2(0) = (1 —8) e
remains a.s. bounded above. Obviously, o?* = 1 iff ¢, > 0. Suppose that there is a sequence
of periods t/, ¢..., such that ¢,, ;... grows to infinity. In other words, suppose that for each
N > 0, thereisak such that e,» > N for dl n > k. Since
lim |C, (o = 0)] = o,
tli)rg {t ] e <0} = 0.

If e;:» > N, thetimeneededtoreach s, < 0 isat least
N

=2 0109+ ’
ut—u (1791(17110))

which grows to infinity, as ¢;» becomes very large. However, we know that

N =sup E. [r¢] < oc.
eeG

The LLN then impliesthat for each x > 0, thereisas. aperiod K with

Z?:l e

L<N+k
n
for al n > K. However, e» — oo impliesthat thereisatime K’ such that 7, > N +  for all

i > K'. Hence, it is possible to choose . large enough, so that

Z?:l TG,
n
a contradiction. Hence, dmost each sequence ¢y, g... (Witha?* = 1 at ¢, ¢"...) is bounded

>N—|—/<a,

above and below.
Attimesat whicha?* =0, ¢, € [u (%) — a% 0}-

It follows that




as. holds. Since V2 (a2r) isfinite,

Erecp (r()-) £ reopo (411 -2?)

1m = 1.
t—00 > rec2(ny(or(1)—a?) 3 recz o) (ul+r)—a?)
S ‘CtQ (1)| ECt‘(Clv}(l)‘ + ‘CE (0)| R (‘Oc)th(O)|

Now define afunction ¢, : ¥/ — {0; 1} with
Lif 2z € [0;400)
() = { 0if v e [uhmts) — o) } -
Itisclear that ¢, € Ly (V'; B (V') ;7). Since e is positive Harris recurrent, theorem 17.1.7 in

Meyn and Tweedie (1996, p. 425) implies that

1
tli)lg;;bh (er) :/Lhdﬂ'

a.s. for any initial probability distribution. Hence,

1
i g 2 () =
obtains a.s. and the limit frequency of a?* = 1 a.s. equals ;. It follows that:
- |CE )] _
lim = —
t=o0 [CF (0)]

holds with probability 1, aswell. Hence, (10) implies

. vr(1)—a2
ﬁz 60,52(1)( ) ‘I’S(U(].“f“?“)—'az)

TR O] —1
t—00 71._hZfecf(l)(vr(l)*z‘ﬂ) . . =
7k E0) + (u (1 +7) —u?)
e 2 ccrq (vr (1) = )
ST rec2(1) \Ur —u 9
- hm t = |\U 1 +7a — U y
o] (wlt+7) =)
as. holds. Hence, there exists a ] such that
= Tim > ez Ur (1)
P | (1)]
mo_u(l+r) - u?
T —u?

obtainasl
Proof of proposition 3

The proof of the proposition proceeds in two steps. First, | show that for each open set A’ C
[0; 1], a?* € A’ holdsin an infinite number of periods. Thisisan implication of the convexity
of the similarity function and the negativity of net expected payoffs. Second, asin the proof of
proposition 2, itisshown that U? («) — U? («’) remainsbounded inthelimit for al o, o/ € [0; 1].
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Thisimplies the result of the proposition.

Note that
lim |C? ()| = ooforsomea € [0;1] and
tliglo‘cf (@) < oofordla #a
cannot obtain on an equilibrium path, sincefor all o/ # «
pla|p®(a) —u<0
implies:
Jim U7 (0) ~ UF (@')] = Jim V7 (@) [1 = 5 (o's7" () (059" ()] — —o0 a5,

contradicting the case-based rule.

Let, therefore
Jim C2 ()] = oo, Jim |C? ()] = cofor some o, o € [0;1] and

tllglo IC? ()] < ocofordla#d, o
Then, there existsa T such that o? € {a/; "} for dl ¢ > T. Denote the distinct acts chosen in
periods 1...T by «;...c;. The cumulative utility of act « at t > T for the investors of type 2 is
given by:
Uf (@) = VZ()s((asp*(a)); (a;p" (@) + V2 (@) s ("5 p" (a")) ; (a5 p* ("))
l
+ Y VE () s (o507 () 5 (s ™ ()
By lemma 7, typé?abandonsaportfolio a only if V2 () < 0. Hence, V2 (o) < 0holds for
ali=1..1. Whereas V;? (o;) arefiniteforal : = 1...7 ,
lim V7 (o) = lim V;* (o) = —o0,
a.s.. Hence, for almost each path w there exists at (w) such that V2 (/) < 0 and V2 (o) < 0

foralt>t(w).

Since the similarity function isconvex, it followsthat U? («) isstrictly concave on theintervals:

((a';p) ; (min {ie%iﬁ}l} {ai | i >} ;0/’} ;p>>
<<max {0; nax, {ai| o < 0/}} ;p) ; (a’;p)) ,

((a";p) ; <min {ier{qi{ll} {a; | a; > a"}; 1} ;p)>
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" ilog<a}oip)s(a;
((max{a ier?fbﬁ}{a | <« } p> (a p)>

for any p € [0;1]. Hence, on amost each path w, there exists a’7” (w) such that there are ",
o' € [0; 1] such that

U2 (") > UZ(d)

U7 (@) > Uf (")
hold at the equilibrium pricesfor al ¢t > 7’ (w) and still o?* € {a’;”}. This contradicts the
case-based rule. Clearly, the argument does not depend on the number of portfolios which are
choseninfinitely often, aslong as this number remainsfinite. Hence, an infinite (but countable)

set of portfolios A’ C [0; 1] must be chosen infinitely often by the investors of type 2.

Suppose now that A" does not contain an act out of B, (¢) for some z € (0; 1). By an argument
similar to the above, we could find an element of B, (¢), & which has been chosen only for a
finite number of times and show that from some point of time 7" (w), the cumulative utility for
the investors of type 2 of the portfoliosin the interval
(sup A\ [z + € 1]; &)
isaconcave function for all ¢ > 7" (w). Hence, for dll
a € (sup A\ [z + € 1];a)
UZ (o) > U? (sup A\ [z + € 1]) .

Since the similarity function is continuous, so is the cumulative utility function and therefore,
there exists a portfolio o/ € A’ which is chosen infinitely often by the investors of type 2 and
the cumulative utility (for type 2) of which lies below the cumulative utility of o in each period

t > T" (w), acontradiction.

To complete the proof of the proposition, | now show that the difference between the cumulative
utilities of any two portfolios:
U7 (o) = Uf (o) =t & (s 0) (11)
a.s. remains bounded over time. Since the expected mean payoffs of all acts are negative,
i U ) = oo
as. for al actsa € A. Thisimplies that
i Y (@) Ut (a)

o0 UF (o)~ = UZ (@) + & (a5 )
holds on al paths on which &; («; o) remains bounded.
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Hence, the proof of the following lemma completes the proof of proposition 3:

Lemmal1l Defineé, («;a’) asin (11). On almost each path w, &; (a; @’) is bounded.

Proof of lemma 11

Consider first the portfoliosin A” which are chosen infinitely often by the investors of type 2.
For these acts, the proof that the difference between their cumulative utilities remains bounded

with probability 1is analogous to the argument used in the proof of proposition 2 on page 34.

It has been shown that thereis no open subset of [0; 1] such that A" does not contain a portfolio
out of thisinterval, hencefor eache > 0, and z € (0; 1), thereisana € A’ N B, (¢). Moreovey,

for all e > 0,
Ui (a)
li L
o0 U¢ (a)
wherea € AN B, (e)anda € A, o # &. Since
limA'N B, (e) =z

e—0
and U2 (&) iscontinuousin &, it follows that
UZ (x)
lim —5——= =1,
= U7 (a)
evenif x ¢ A’. This completes the proof of the proposition.l

=1,

Proof of proposition 4

The proof of proposition 3 has shown that if there is an open subset A c [0; 1] such that
plalp(a) —a*>0

for al a € A, then theinvestors of type 2 will eventually choose a portfolio out of this set. The

same proof further implies that the set of infinitely chosen acts cannot lie completely outside

A. Thismeans that lim,_.., |C? («)| = oo for some o € A. Suppose, contrary to the statement

of the proposition, that there are two distinct portfolios from A, o # o/, chosen with positive

frequency by type 2. It is easy to show that this leads to a contradiction.

Indeed, consider the periods 214, 224,..-€ N inwhichtype 2 switchesto act « and denote by z1,/,

Z9ar5---€ N the times, at which he switchesto . The proof of lemma 7 shows that:

Vi (@) > V2 (a) =V (a) > VE () =V (a) > ..
But these inequalities imply that V;? («), which (aslong as « is chosen by type 2) is a random
walk with positive expected increment 1 (o | p* (a)) — u* > 0, crosses each of the infinitely
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many boundaries ij () from above. Since, however, thereisapositive probability that aran-
domwalk with positive expected increment starting from agiven point, never crossesaboundary
lying below this point, see Grimmet and Stirzaker (1994, p. 144), and since the stopping times
areindependently distributed, it followsthat the probability of infinitely many switches between
a and o/ is 0. Hence, only one of these two portfolios can be chosen by type 2 with positive

frequency in the limit.

Alternatively, suppose that
Jim €2 @) = o9
with o’ € [0; 1]\ A. Then, as. for any K > 0, thereexistsaT" (w) such that
U? (o) — U2 (o)) > Kforal t > T (w)
and nevertheless, a2* = o for somet > T (w), contradicting the case-based rule.l

Proof of corollary 5

Proposition 4 states that both types choose some portfolio o* (i € {1;2}) with frequency one
in the limit and the equilibrium priceis constant at p*. Moreover, i (o™ | p*) > @ holds. Inthis
case,

lim U} (o) = +o0

t—o0
holds for al .. Moreover, for al a, «; and a, € [0; 1],
lim 4t~ = .
i=oo Uf (@) (%5 0™); (0% @)
i (@) s((a”) i (0% 1))
, t—o0 U (az) s (P a™) 5 (p*; 02))
If o™ € {0;1} for somei € {1;2}, therewill be no distinct «; and «, such that
U (1)
lim —
t=co U} (a2)
holds. Hence, the condition of preference for diversification is trivially satisfied. If, however,

a™* € (0;1), then

>1

S
S

=1

o 041) =S (Oéi*;OéQ) ,

S (O{
iff
1(p"; ") — (P en)|| = [[(p% 0%) — (P"5 02) ][ - (12)
Obvioudly, then for any a4, oy satisfying (12) and k € {1;2},

(P 0) = (0" )|l > [[(p"; ) = (p"; B + (1 = B) aa)|



for every 5 € [0; 1]. Hence,
s((p507); (p%; Bon + (1= B) az)) = s ((p*507); (P75 01)) = s ((p7527) ; (p%; 02))
and, therefore Sa; + (1 — B) ay is (weakly) preferred to ag, k € {1;2} in the limit:
P Ul(Bas+ (1= B)as) _ s((p507): (073 Bon + (1= B) o))
t—00 Ui (o) s ((p*; %) 5 (%5 )
In the case of high aspiration level (proposition 3), the reasoning for type 1 is equivalent. For

> 1.

type 2, sinceal actsa and o € [0; 1], fulfill
_Ui(a)
ST @)

preference for diversification trivialy obtains.ll

Proof of corollary 6

The statement about type 1 obtainstrivially from the proof of Corollary 5, aswell asthe statement

that type 2 exhibit preferences for diversification aslong as

@ < p(l]p(1)).
For thecase u® > 1 (1 | p* (1)), observe that

U? (1)
li ! =1,
o UZ (0)
whereas
U? (a)
lim 44—~ <1
Pnod UZ (1) <

foral a € (0;1). Note that each such o can be written as
a-1+(1—-a)-0,
which compl etes the proof demonstrating that type 2 has no preferencefor diversificationin this

case.ll
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